Cauchy theory for the gravity water waves system with non 

locahzed initial data 

T. Alazard, N. Burq, C. Zuily 

Abstract. In this article, we develop the local Cauchy theory for the gravity water 
waves system, for rough initial data which do not decay at infinity. We work in the 
context of L^-based uniformly local Sobolev spaces introduced by Kato ([25]). In this 
context we prove a classical well-posedness result (without loss of derivatives). Our result 
implies also a local well-posedness result in Holder spaces (with loss of d/2 derivatives). 



1. Introduction 

We are interested in this paper in the free boundary problem describing the motion of 
an incompressible, irrotational fluid flow moving under the force of gravitation, without 
surface tension, in case where the initial data are neither localized nor periodic. There are 
indeed two cases where the mathematical analysis is rather well understood: flrstly for 
periodic initial data (in the classical Sobolev spaces H'^{'T'^)) and secondly when they are 
decaying to zero at infinity (for instance for data in iJ®(R'^) with s large enough). With 
regards to the analysis of the Cauchy problem, we refer to the recent papers of Lannes [28], 
Wu [33, 34] and Germain, Masmoudi and Shatah [21]. We also refer to the introduction 
of [3] or [10, 26] for more references. However, one can think to the moving surface of a 
lake or an ocean where the waves are neither periodic nor decaying to zero (see also [18]). 

A most natural strategy would be to solve the Cauchy problem in the classical Holder 
spaces VF'='°°(R'^). However even the linearized equation at the origin (the fluid at rest) is 
ill-posed in these spaces (see Remark 2.4 below), and this strategy leads consequently to 
loss of derivatives. Having this loss of derivatives in mind, the other natural approach is to 
work in the framework of based uniformly local Sobolev spaces, denoted by H^^CR!^). 
These spaces were introduced by Kato (see [25]) in the analysis of hyperbolic systems. 
Notice however, that compared to general hyperbolic systems, the water waves system 
appears to be non local, which induces new difficulties. This framework appears to be quite 
natural in our context. Indeed, the uniformly local Sobolev spaces i?^;(R'^) contain, in 
particular, the usual Sobolev spaces H^(Il'^), the periodic Sobolev spaces H'^{T'^) (spaces 
of periodic functions on R'^), the sum ff*''(R'^) + H^[T^) and also the Holder spaces 
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W^'P{'R'^) (and as a by-product of our analysis, we get well-posedness in Holder spaces, 
with a loss of derivatives). 

The aim of this paper is precisely to prove that the water waves system is locally (in 
time) well posed in the framework of uniformly local Sobolev spaces. Moreover, following 
our previous paper [3], the data for which we solve the Cauchy problem are allowed to be 
quite rough. Indeed we shall assume, for instance, that the initial free surface is the graph 

of a function which belongs to the space H^"^ i^'^) for s > 1 + f • In particular, in term of 
Sobolev embedding, the initial free surface is merely W'2'°°(Il'^) thus may have unbounded 
curvature. On the other hand this threshold should be compared with the scaling of the 
problem. Indeed it is known that the water wave system has a scaling invariance for which 
the critical space for the initial free surface is the space ifi+2(R'^) (or W^i'°°(R'^)). This 
shows that we solve here the Cauchy problem for data | above the scaling. (Notice that 
in [4] we prove well-posedness, in the classical Sobolev spaces, ^ — j2 above the scaling 
when d = 2). 

The present paper relies on the strategies developed in our previous paper [3] and 
we use the same scheme of proof: paralinearization of the Dirichlet-Neumann operator, 
symmetrization of the equations, energy estimates, stability estimates. The main new 
difficulties are to handle the uniformly local Sobolev spaces, which requires on one hand 
a whole adaptation of the paradifferential machinery, and on the other hand to obtain 
a precise description (including sharp elliptic estimates in very rough domains) of the 
Dirichlet-Neumann operator on these spaces (see also [20, 17] for related works). 

2. The problem and the result 

In this paper we shall denote by t G R the time variable and by x G R"^ (where d > 1), 
y G R, the horizontal and vertical space variables. We work in a fluid domain with free 
boundary and fixed bottom on the form 

n = {{t,x,y) G [0,T] X R"' X R : {x,y) G n{t)} where 
n{t) = {{x,y) : rj^{x) <y < r]{t,x)}. 

Here the free surface is described by rj, an unknown of the problem, and the bottom by a 
given function r/*. We shall only assume that 77* is bounded and continuous. We assume 
that the bottom is the graph of a function for the sake of simplicity: our analysis applies 
whenever one has the Poincare inequality given by Lemma 4.1 below. 
We shall denote by S the free surface and by F the bottom, 

E = {{t,x,y) G [0,T] X R'^ X R : (x, y) G S(t)} where 

S(i) = {(x,y) GR'^xR:y = ?7(t,x)}, 

r = {(x,y) GR'^xR:2/ = ??,(x)}. 

We shall use the following notations 

l<i<d 
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2.1. The equations. The Eulerian velocity : $7 — )■ R'^"'"^ solves the incompressible 
and irrotational Euler equation 

dtv + {v ■ Vx,y)v + Vx^yP = -gey, (ii\x,y v = 0, curla^^y = in J] 

where g > Q is the acceleration of the gravity, Cy the vector [x = 0,y = 1) and P the 
pressure. The problem is then given by three boundary conditions: 

• a kinematic condition (which states that the free surface moves with the fluid) 



dtT] = \/l + |Vx?/p(w • n) on S, 

where n denotes the unit normal vector to S, 

• a dynamic condition (that expresses a balance of forces across the free surface) 

P = on S, 

• the "solid wall" boundary condition on the bottom F 

V ■ u = on r, 

where u denotes the normal vector to T whenever it exists. 

Since the motion is incompressible and irrotational there exists a velocity potential 
I?!) : O — 7- R such that v = 'Vx,y4'i thus Ax^y(j) = in O. We shall work with the 
Zakharov/Craig-Sulem formulation of the water waves equations. We introduce 

ip{t,x) = (l){t,x,rj{t,x)) 

and the Dirichlet-Neumann operator 

Gir,)i; = Vl + |V.^|2(|^ j J 

= {9ycl)){t, X, r]{t, x)) - V^rjit, x) • (V^.(/>)(t, x, r]{t, x)). 

Then (see [16]) the water waves system can be written in term of the unknown r],ip as 
dtT] = G{ri)ip, 



(2-1) 1,^ ,,2 , l (V.r?-V,.V. + G(r?)^)2 

' Otip = V^^w H — - — qri. 



It is useful to introduce the vertical and horizontal components of the velocity. We set 

(2.2) \B = {vy)\^= ^^i^^^i^ , 

{v = {vx)\^ = Vxi^-BVxn■ 
We recall also that the Taylor coefficient defined by o = — ^ | j-, can be defined in terms 
of r/, ^/i, B, V only (see §7.2 below and §4.3.1 in [26]). 



2.2. The uniformly local Sobolev spaces. We recall here the definition of the 
uniformly local Sobolev spaces introduced by Kato in [25]. 

Recall that there exists x ^ C°°(R'^) with suppx C [—1, 1]*^, X = 1 near [— i, ^^Y such 
that 

(2.3) Y,^^{x) = l, VxeR-^ 

where 

Xq{x) = x{x - q)- 

Definition 2.1. For s G R the space ff^;(R'^) is the space of distributions u S 
H^oci'^'^) that 

MIh^JU'I) ■= sup \\XgU\\H^{R.d) < +00. 

The definition of the space i?^;(R'^) is independent of the choice of the function x in 
Cq°(R'^) satisfying (2.3) (see Lemma 3.1 below). 

Proposition 2.2. One has the following embeddings: 

(1) If s> ^ and s - f ^ N, Hli{R'^) is continuously embedded in W''~^'°°{Rf'-). 

(2) If men, P^"^'°°(R'^) is continuously embedded in H^i{K'^). 

(3) //s > 0, W^«+^'°°(R'^) is continuously embedded in H^iiK'^) for e > 0. 

2.3. The main result. The goal of this article is to prove the following result. 

Theorem 2.3. Let d > l,s > 1 + ^. A ssume that r]^ is a bounded continuous function 
on R'^. Consider an initial data (??o,V'o) satisfying the following conditions 

(i) rjo e <+^(R^),Vo G HltHR''),Vo G ^^z(R'^),i3o G Kii^'^), 
(a) there exists h > such that t]q{x) — r]^{x) > 2h, Vx G R'^, 
(Hi) there exists c > such that ao(x) > c, Vx G R*^, 

where oq denotes the Taylor coefficient at time t = 0. 

Then there exists T > such that the Cauchy problem for the system (2.1) with initial 
data {r]Q, ^o) at t = has a unique solution 

iv,^) G L^{[0,T],HlthR^) X HlthR^)) 

such that 

1. {V,B) G L-([0,T],F:,(R'^) X F:,(R^)), 

2. r]{t, x) - ?7*(x) > h, V(t, x) G [0, T] x R'^, 

3. a(t,x) > \c, \/{t,x) G [0,T] x R'^. 
4- For any s' < s, 

iri,^P,V,B) G C70([0,T],<;+^(R'^) x H'^i^Hr") x /^^'.(R'^) x //^'.(R^)). 
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Remark 2.4. • Theorem 2.3 implies local well posedness in Holder spaces: indeed, 
assuming that 

for some o" > 1 + d/2 and e > 0, then we get a solution 

{r^,iP,V,B) G CO([0,T],<+^(R^) x //„t^(R^) x if„-,(R'^) x HZ,{R'^)) 

C C70([0,r],VF'^+5-|'°^(R'^) X VF'"+|-|'°°(R^) X VF'"-f'°^(R"') x VF'^"! '°°(R'^)). 

• It is very likely that this loss of d/2 derivatives cannot be completely avoided. Indeed 
the linearized water waves equation around the zero solution can be written as 

i_ 

dtu + i\Dx\2 u = 0. 
The solution of this equation, with initial data uq, is given by 

u{t) = S{t)uo, S{t) = exp{-it\D^\^). 

Proposition 9.1 shows that for t ^ the operator S{t) is not bounded from the Zygmund 
space C;(R'^) to C^(R'^) if s > a - remembering that C;(R'^) = W'''°°(R'^) if a > 0, 
0" N. (For positive results see Fefferman and Stein [19, page 160]). Thus even in the 
linear case we have a loss of ^ derivative. 

• The result in the appendix also shows that, in the presence of surface tension, a 
similar well posedness result in the framework of uniformly local Sobolev space is rather 
unlikely to hold. Indeed, in the presence of surface tension, the linearized operator around 
the solution {r],ip) = (0,0) can be written (see [1]) with u = \D\'^r] + i?/' as 

3 

dtu + i\Dx\'^u = ^, u\t=o = uo. 

According to Proposition 9.1 the loss of derivatives in x from uq to the solution u{t, •), t 7^ 0, 
is at least ^ whereas an analogue of the above theorem would give a loss of at most ^ . 

3. Preliminaries 

3.1. Invariance. The following result shows that the definition of the uniformly local 
Sobolev spaces does not depend on the choice of the function x satisfying (2.3). 

Lemma 3.1. Let E he a normed space of functions from R'^ to C such that 

G VF°°'°°(R'^) 3C > : \\eu\\E < C\\u\\e e E 

where C depends only on a finite number of semi-norms of 6 in W°°'°°(R,'^). Then for any 
X G C^(R'^) there exists C > such that 

(3.1) sup llxfctilb < C sup llxgi^lb 

where Xki^) = xi^ ~ k). 
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Proof. Let x £ Cq°(R'^) be equal to one on the support of x- We write with N = d+1 

'{k-q)^ 



XkXqU = {k-q) ^ 



-Xk 



{x-q)^Xg 



XqU. 



{x-q)^' 

Since the two functions inside the brackets belong to VF°°'°°(R"') with semi- norms inde- 
pendent of k, q, using the assumption in the lemma we deduce that 

IIx/c^^IIe < ^ \\XkXqu\\E <C'^{k- q)~^ sup Hxg^^lb, 

which completes the proof. □ 

Lemma 3.2. Let /i G R and N > d + 1. Then there exists C > such that 
(3.2) sup ||(x - •)"^n||^^(R,d) < C||m||^m (Rd) 

for allue H^ii'R'^)- 

Proof. Indeed we have 

\\{X u\\h.< Y1 \\{^-r''XqU\\H. 

and we write 



1 (x-q)^ 
(x-q)^ (x-y)^- 



{x - y) ^xq{y)u{y) = tt—antz — '^Xq{y)xq{y)u{y) 

where x ^ C^{Y{!^), x = 1 on the support of x- This implies that 

qeZd qeZd ^ ' 

since the function y i— >■ , _ .jy 

Xq{y) belongs to W°^'°°{'R'^) with semi-norms uniformly 
bounded (independently of x and q) . □ 

3.2. Product laws. 

Proposition 3.3. (i) Let aj G R,j = 1,2 be such that ai + a2 > and uj £ 
i?^/(R''), j = 1,2. Then uiU2 S H^ii^'^) for o-q < Uj and uq < ai + 02 - f • More- 
over we have 

(u) Lets>Q and uj G H^ii'R'^) n L°°(R'^), j = 1, 2. Then U1U2 G i^^i(R'^) and 

(m) Let F G C°°(R^,C) be such that F(0) = 0. Let s > f . If U e (if^;(R'^))^ then 
F{U) G Hliin'^) and 

l|-^(f^)ll/f=,(Rd) < G'(||C/||(icx,(R,d))iv)||?7||(J^s^(Rd))iV 

/or an increasing function G : — )• R"*" . 
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Proof. The proofs are straightforward extensions of the proofs in the classical Sobolev 
spaces case. Indeed let us show (i) for instance. Let Xq be defined in (2.3) and x G C^(R'^) 
be equal to one on the support of x- Then from the classical case we can write 

\\XqUlU2\\H''Q = \\XqUlXqU2\\H^o < C\\XqUl\\Hn\\XqU2\\H^2 
< C\\ui\\jjs^ \\u2\\fjs^. 

uL uL 

The proofs of {ii) and {in) are similar. □ 
The following spaces will be used in the sequel 

Definition 3.4. Let p G [1, +oo], J = (zq, 0), zq < and cj G R. 

(1) The space LP{J, i7°"(R'^))„i is defined as the space of measurable functions u from 
R^ X Jz to C such that 

\\u\\lp{J,H'^(R'1))^i '■= sup \\XqU\\LP{J,H'^{-R'i)) < +°°- 

(2) We set 

y„^(j) = L\j,H^{n'')U + L\j,H'^'\{Ji'')u 

endowed with their natural norms. 

(3) We define the spaces X°'{J),Y°'{J) by the same formulas without the subscript 
ul. 

Notice that L'^{J,H''{K'^))ui = L'^ {J, H^i{K'^)) . 

Lemma 3.5. Let aQ,ai,a2 be real numbers such that ai + a2 > 0, (Tq < <7j,J = 1,2, do < 
+ cr2 — f o-nd 2 < p < +oo. Then 

ll™llLP(J,//-0(Rd))„( < C'll^^llL°°(J,H-l(Rd))„Jl^llLP{J,H-2(Rd))„, 

whenever the right hand side is finite. 

The same inequality holds for the spaces without the subscript ul. 

Proof. This follows immediately from Proposition 3.3 {i) and (3.1). □ 

Lemma 3.6. If a > ^ the spaces X^i{J) and X"{J) are algebras. 

Lemma 3.7. Let sq > 1 + f ,/i > and J = (—1,0). Then we have 

(3-3) Il/S'llx^, < C'(II/IIl°°(j,//-o-i)„J|5'IIx^, + II5'IIl°o(j^j:^.o-i)„JI/IIx^,), 

(3.4) WfaWx:^ < C{\\f\\L^^j^H^o-^)j9\\x^^ + ll5llioo(j,^.o-i)^JI/II^M+^)- 

ul 

Let F E C^°°(C^, C) be such that F{0) = 0. Then there exists a non decreasing function 
T : R^ —7- R+ such that for fi > ^ we have 

(3.5) < -^(niL-(J,i/=o-i)„JI|f/|lx- ■ 
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Proof. The first and the third estimates follow easily from the inequalities {ii), {in) 
in Proposition 3.3. To prove the second one we start from the inequality (see [3], Corollary 
2.12) 

\\xkf9\\m<c[\\xkf\\L'=^\\xkg\\m + \\xk9\\ -1 llxfc/ILt+i), *>o 



where x ^ C^(R ) is equal to one on the support of x- Then we use the continuous 

1 

' 2- 



embeddings: ^ C H'^'^ 2 c C* ^ and the above inequahty for t = /i, t = /x + i. □ 



3.3. Continuity of the pseudo-differential operators. We have the following 
result which reflects the pseudo-local character of the pseudo-differential operators. Recall 
that S'J^o is the set of symbols p G C°°(R'' x R"^) such that 

|L»fL>fp(x,e)| < + Va,/3 E N^V(x,e) G R'^ x R"^. 

Proposition 3.8. Let P he a pseudo-differential operator whose symbol belongs to the 
class 5™o- I'hen for every s G R there exists a constant C > such that 

for every u G i/^^'"(R°'), where C depends only on semi-norms of the symbol in S^q. 
Proof. Write 

(3.6) XkPu = ^ XkPXqU + ^ XkPXqU =: A+ ^ Bk,q. 

|fc-g|<2 |fc-g|>3 \k-g\>3 

The first sum is finite depending only on the dimension. To bound it in ff^(R^) we use the 
usual continuity of pseudo-differential operators. For the second one let uq G N, no > s. 
We shall prove that 

(3-7) ||L»"5fe,g||^2(Rd) < _ ^^^+1 \W\\hi+"'^ I«I < "-0 

which will complete the proof of Proposition 3.8. 

Notice that, due to the presence of Xk, we have ||-D^-Bfc,g||L2 < C\\D^Bk^q\\L°°. We 
have 

D^Bk,q{x) = {D^K{x,-),Xqn) 

with 

K{x,y) = {2nr' [ e'^^~y>h{x,mXk{x)xM 

where x ^ C^{'R'^), x = 1 on the support of x- 

Now on the support of Xkix)Xqiy) we have |a; — ?/| > 6\k — q\,S > 0. Integrating by 
parts times (with large depending on d, uq) with the vector field L = X]j=i \x^y[i ^ij 
we see that for all /3 G N" we have 

\Dl^K{x,y)\ < ^^^^|x,(y)|, V(x,y) G R'^ x R'^. 



It follows that 



\D^Bk,q{x)\ < \\D^K{X, ■)\\H-(s+n^)\\XqU\\H-+m 



< 



Cd,l3 



-d::^\\XqU\\H^ 



{k - qY 

which proves (3.7) and hence concludes the proof. □ 

In a particular case the proof above gives the following more precise result. 

Proposition 3.9. Let m e R, = l^rV'lO where h G C°°(S'^"i) and 

i) E C°°(R'^) is such that tpi^) = I if \^\ > 1, -0(0 =Oif\^\<^. Then for every /i G R 
there exists a constant C such that 

\\HDx)u\\H'^^(R'l) < C'||/l||^d+i(sd-i)||u||^M+m^j^dj 

for allue //^+'"(R'^). 

We shall use the following result when p{^) = {^) and p{^) = 

Lemma 3.10. Let d > l,r > 0,m £ H. Let p £ S'[o(R'^),a G S'j^QiBf^) two symbols 
with constant coefficients. We assume that one can find cq > such that for all G R'^ 
we have p{£,) > co|^|^. Then for all a £ H and every interval I = [0,T], one can find a 
positive constant C such that, with = H^{W^) 



(3.8) 

for all u £ H, 



'tp(D) 



a{D)u\ 



+ We 



-tp{D) 



a{D)u\ 



^ C 1 1 Zi 1 1 ji^cT + m 



ul 



Proof. The estimate of the first term in (3.8) follows from Proposition 3.8 since 
e~^P^^^a{D) is a pseudo-differential operator of order m whose symbol has semi-norms in 
bounded by constants depending only on T. Let us look at the second term. Set 



In 



One can write 



(3.9) 



r 



A, 



Ag + Bg 

\k-q\<2 



|fc-g|>3 



Since the number of terms in the sum defining Ag is bounded by a fixed constant (depend- 
ing only on d) using a classical computation we can write 



Ag < Ci sup ||e-*P(^)a(D)xfcu| 



(3.10) 



L^{I,H''+^) 



kez^ 

Ag < C2 sup \\a{D)xku\\H'' < C3 sup ||xfc^^||H-+™ < C'sll^^ll// 
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Let us look at the term Bq. Let Nq be an integer such that Nq > ct + |. Then Bq is 
bounded by a finite sum of terms of the form 

\\{D''x,)iD^e-'P^''^a{D))xku\\L2ii,L^) 

\k-q\>3 

with |q| + < Nq. Due to the presence of the function D°^Xq: Bq is therefore bounded 
by a finite number of terms of the form 

\k-q\>3 

Now we can write 

(3.11) F{t,x) := {D»Xq){D^e-'P(''^a{D))xku{x) = {K{t,x,-),{xku){-)) 

with 

K{t,x,y) = {27r)-\D'-Xq){x)My) [ e'^^-y>^q{t,0 



where x £ C^{'R'^) is equal to one on the support of x st-nd q{t,(^) = ^^e *P^^^a(^). It 
follows that for fixed {t, x) we have 

(3.12) \F{t,x)\ < \\K(t,X,-)\\jj^(a + m)\\XkU\\H'^+m. 

Let A'^i G N be fixed such that A^i > — (c + m). We shall show that for every G N one 
can find Cat = Cn{T) > such that for every (t, x) G / x R"' we have 

Cn 
{k-qy 

Indeed for < Ni, DyK{x, y) is a finite linear combination of terms of the form 



(3.13) \\K{t,x,-)\\j,., < ^^-^\{D-Xq){x)\. 



J{t,x,y) := {D^Xq){x){Dlxk){y) J e^^--y>^eq{t,m 

where + |A| = 

We notice that for all 7 G N*^ we have 

(3.14) \DjiC\{t,^))\ < C7^(T)(0^°+^^+™"l^l. 

Now let TV G N be such that N > max(d + I, Nq + Ni + m + d + 1) and 7 G N'^ with 
I7I = N. Then 

{x-yyj{t,x,y) = {D^Xq){x){D'^yXk){y) j e*(^-J'H(-I)5)^(^\(t, 0) dC- 

It follows from (3.14) that 

\{x-yyj{t,x,y)\ < C,{mD"xq)ixmD'^Xk){y)\. 

Now since \k — q\ > 3, on the support of {D°'Xq){x){DyXk){y) we have |x — y| > — q\. 
It follows that 

\J{t,x,y)\ < ^^^\{D»Xq){xmD'^Xk){y)\ 
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which proves (3.13). According to (3.12) and (3.13) we obtain 

which imphes that i3q < C4(T)||ti||j^cT+m. Combined with (3.9) and (3.10) this proves the 

ul 

estimate of the second term in (3.8). □ 

Corollary 3.11. Let m e K and a G 57})(R'^). Then for every a e K there exists 
C > such that 



.''^""-^aiDM .1 <C\\u\ 



for every (5 > and every u G H'^"^ ^(R'^). 
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3.4. An interpolation Lemma. We shah use the following interpolation lemma for 
which we refer to [30] Theoreme 3.1. 

Lemma 3.12. Lei J =(-1,0) andteR. Let f € Ll{J, H^+^R'^)) be such that d J £ 

Ll{J,H^~^(R''-)). Then f G C°([-l, 0], //'(R'')) and there exists an absolute constant 
C > such that 

^^sup^^ ll/(z, OIIh*(r.) < ^^^^^ + cy^ 

3.5. Para-differential operators. 

3.5.1. Symbolic calculus. In this section we quote some results which concern the 
symbolic calculus for para-differential operators in the framework of the uniformly lo- 
cal Sobolev spaces. Of course, here, the theory for the classical Sobolev spaces will be 
assumed to be known (see [31]). 

The following technical lemma will be used in the sequel. 

Lemma 3.13. Let x G C^(R'^) and x ^ (^^(R'') be equal to one on the support of x- 
Let ip,9 & S(R'^). For every m, o" G R one can find a constant C > such that 

(3.15) \\xki^{2^^ D){{1 - Xk)u)9{2^W)v\\H,n(^^d) < C||n||j^^^(Rd) ||t;||i«=(R,d). 
For every m, o", i G R one can find a constant C > such that 

(3.16) \\xkiPi2^^ D){{1 - Xk)u)0{'2~^D)v\\Hm{Rd) < C||u||^. (^d) ||?;||^t^(R<i). 
j>-i 

Proof. We may assume m G N. Let us call Aj^ j the term inside the sum in the left 
hand side of (3.15). Due to Xki the term A^j is a bounded by finite sum of terms of the 
form 

AkJ,a ■■= 2J"||(D°iXfc)V'a2(2-^I?)((l - Xk)u)Xk0aA^~'D)v\\Loo 

11 



where |q;i| + \a2\ + jas] < m and V'«2 — a^^^V') ^03 = 2;"^^. We are going to show that for 
large E N we have 

(i) \\{D^^Xk)i^.,{'^-'D){{l - Xk)u)\\L^ < CN2^''^^'''''h-^''\\u\\H:, 

{ii) WxkOazi'i'"^ D)v\\l'^ < CIIuIIloo 

(m) \\xkea,{2-W)v\\L^ < C72^^*-^2Wt)||^||^^^ 

where, as indicated, Mj are fixed constants depending only on d, a, t. Then the lemma 
will follow from these estimates. 
To prove (i) we write 

iD''^Xkix))i^a,{2-'D)iil - Xk)u){x) = l^H-^"" 

X <(2i|x - •i)^V'..(2^'(^ - •)), ]^3^(i?°^x.(x))((i - xkmx - ■r^'n). 

The function y ^ , I |iv - Xfc(y)) belongs to with semi-norms uni- 

y\ 

formly bounded in x. Using the duality H~'^ — H" we deduce that 

\\{D^^Xk)i^a,{2-'D){{l - Xk)u)\\Loo < CAr2^-^-^^('^''^)2-^-^||(x - ■r'^AH^, 

and we conclude using Lemma 3.2. 

The estimate (ii) is easy. To prove [iii) we take x ^ C^{^'^) equal to one on the 
support of X and we write 

||Xfc^a3(2^-''^)^^l|L- < WXkOaA^'^ D)xkv\\L^ + WxkOa^^"^ D){1 - x)v\\l^ ■ 

The second term is bounded exactly by the same method as (i). For the first one we write 

Xkec.A2'' D)xkv{x) = 2^''xk{x){€A2'{x - ■)),xk{-H-)) 
and we use the — duality. □ 

Remark 3.14. {i) Notice that the sames estimates in (3.15), (3.16) hold if in the left 
hand side one 2~^ is replaced by 2~^~^^ where j'o € Z is fixed. 

[ii) Notice also that in the above proof we have proved that for all real numbers m, a, 
all G N and all ip € C^(R'^) one can find a positive constant CN^rn,a such that 

(3-17) \\Xk1p{2-W){l - Xk)u\\H'^{Rd) < CN,m,a2~^^\\u\\fja^(^^d) 

for every j G N and every /c G Z"^. 

We introduce now the para-differential calculus. 

Definition 3.15. Given m G R, p e [0, l],r^(R'') denotes the space of locally bounded 
functions on R'^ x R'^ \ {0} which are C°° with respect to such that for all a G N*^ the 
function x 1— t- d^a{x,^) belongs to 14^^'°° (R"^) and there exists a constant Ca > such that 

||a|'a(.,C)||H/..-(R^) < CM + ICI)"-I"I, V|^| > ^. 

For such a we set 

(3.18) M-(a)= sup sup 11(1 + |e|)l"l-'"5|'a(.,e)||iyp,oo(R.). 

|a|<2d+2|5|>i 
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Then r™(R'^) denotes the subspace ofT^(Rf^) which consists of symbols a{x,£,) which 
are homogeneous of degree m with respect to ^. 

Given a symbol a we denote by Ta the associated para-differential operator which is 
given by the formula 

T\uiO = (27r)-'^ / - r], r?)o(C - V, v)Hv)u{r])dr] 

where a(C, rj) — /p{,d e~*^'^a(x, r])dx is the Fourier transform of a with respect to the first 
variable, ^, 6 are two fixed C°° functions on R'^ such that for < ei < £2 small enough 

(3.19) ip{i]) = 1 if \r]\ > 1, ip{ri) = if |7?| < ^ 

(3.20) e{C,v) = lif \C\<ei\v\, 9{C,v) = if \C\ > e2\v\- 

Notice that if the symbol a is independent of ^ the associated operator Ta is called a 
paraproduct. 

Theorem 3.16. Let m, m' G R, p G [0, 1]. 

(i) Ifa€ r^i'R''), then for all fi e K Ta is continuous from i?^;(R'') to i7^f™(R'^) 
with norm bounded by CM^\a). 

(ii) Ifa€ r™(R'^), b G r™'(R'^) then, for all fi € K, TaU - Tab is continuous from 
if^;(R'^) to iJ^;""'"'"'+''(R'^) with norm bounded by 

C{MJ^{a)M^'{b) + MS\a)Mf{b)). 

(Hi) Let a G r™(R'^). Denote by {Ta)* the adjoint operator ofTa and by a the complex 

conjugate of a. Then for all Gil (Ta)* —Ta is continuous from i?^^(R'^) to i?^^~™'^''(R'^) 
with norm bounded by CMJp{a). 

Proof. All these points are proved along the same lines. We shall only prove the first 
one and for simplicity we shall consider symbols in r™(R'^). We begin by the case where 
a is a bounded function. Then we write 

XkTaU = XkTaiXkU) + XkTa{{l - Xk)u) 

where x ^ C^^RJ^), x = 1 on the support of x- By the classical theory we have 

\\XkTa{Xku)\\Ht^ < C'||a||L^||xfc'u||HM < CllallLooll-ullji^M . 

Now we write 

XkTaiil - Xk)u) = Y,Xkm2-W)a}{ip{2~W){{l-Xk)u)}. 

j 

and the desired estimate follows immediately from the first inequality in Lemma 3.13. 

We now assume that a{x,0 = b{x)h{0 where h{0 = ICr^(||) with h G C°°(S'^-i). 
Then directly from the definition we have Ta = Ti,ij){Dx)h{Dx) and our estimate in (i) 
follows from the first step and from the estimate proved in Proposition 3.9 

\\h{D)v\\Ht' < C\\h\\j^d+i(^sd-i'^\\u\\Ht^+m . 
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In the last step we introduce (/i;/)jygN* an orthonormal basis of L^(S'^ ^) consisting of 
eigenfunctions of the (self adjoint) Laplace Beltrami operator A;^ = Agd-i on L^(S'^^^) 
i.e. Atj/ijy = X^hy. By the Weyl formula we know that ~ cvd. Setting hy = |i^|™/i(a;), 
a; = ill when ^ 7^ 0, we can write 



0(2;,^)= ^ K{x)hy{^) where hu{x) = / 



a(x, uj)hy{(jj)duj. 



Since 



we deduce that 

(3.21) WKWL^in'^) < CA;(2^+2)^^rn(^)^ 
Moreover there exists a positive constant K such that for all > 1 

(3.22) ||/ii/||j:^d+i(sd-i) < KXy'^^. 
Now using the steps above and Proposition 3.9 we obtain 

WTaUWHi' < ||rb^V(-Cx)/li/(-Dx)'u||i^M 

ul ^— * ul 



^i' 1 1 L°° (Rd) 1 1 1 1 1 (Sd- 1 ) 1 1 1 1 

v>l 

<Mo"^(a)||u||^.+™5]A;('^+i) 

ul * ^ 



and X-^"^^^ ~ cz.-(^+5). □ 

3.5.2. Paraproducts. We have the following result of paralinearization of a product. 

Proposition 3.17. Given two functions a G //"^(R'^), n G H^^CR'^) with a + /3 > ?i;e 
can wrzie 

an = TqU + TuO + i?(a, u) 

with 

(3.23) ||i?(o,w)||^„^+^_d^^^^ < C||a||j^.(Rd)||n||^^^(j^,^. 

Proof. We have 

j>~i\k-j\<i 

We take x ^ Cq°{'R'^) satisfying (2.3), x ^ C!q°{'R'^) equal to one on the support of x ^^'^ 
we write a = XkO- + (1 ~ Xfc)oj = XkU + (1 — Xk)u- It follows that 

XkR{a, u) = XkR{Xka, Xku) + XkSk{a, u). 

The term XkRiXk^^i Xk^) is estimated by the right hand side of (3.23) using Theorem 2.11 
in [3]. The remainder XkSkio,,u) is estimated using (3.16). □ 
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Proposition 3.18. Let 7,r, /i be real numbers such that 

d 

r + fi> 0, 7<r, 7<r + /i--. 
There exists a constant C > such that 

(3-24) ||(a - Ta)n||^7 (j^d) < C||a||^r^(Rd) (R^d-, 

whenever the right hand side is finite. 
Proof. We write 

(3.25) Xk{a - Ta)u = XkiXka - T^^a)XkU + Ri^kU + R2,kU 

(3.26) Ri^kU = Xk{Xka - T^ka){'^ - Xk)u 

(3.27) i?2,fe = -XkT{i-^^)aU = -Xk'^Sjiil - Xk)a)^j{u) 

3 

where x £ C'o°(-^'^) equal to one on the support of x- According to Proposition 2.12 
in [3] we have 

(3-28) WxkiXka - T^^a)Xku\\Hi < ||«||//,';, IKIIh", • 

Now 

Ri,k = XkTii~.Xku)Xka + XkT^iil - Xku, Xko) 

= Xk'^Sj{{l-Xk)u)/^j{Xka)+Xk X] - Xfc)^i)Aj(xfca). 

i |i-il<i 

Therefore we can apply (3.16) in Lemma 3.13 to Ri^k and i22,fc to conclude that the 
estimate (3.24) holds for these terms. □ 

3.6. On transport equations. We will be using the following result about solutions 
of vector fields. 

Lemma 3.19. Let L = [0,r], sq > 1 + f and fi > 0. Then there exists T : R+ R+ 
non decreasing such that for Vj G L°°(/, i?^"(R'^))„z n L°°{L,H^'(R'^))ui j = l,...,d, 
f G L^{L, H^'(R'^))ui, uq e H'^ii'R'^) and any solution u G L°°(/, F^o(R'^))„/ of the problem 

{dt + V ■ V)n = /, u\t=o = no 

we have, 

II«IIl-'(7,Hm)„; < J'{T\\V\\loc^i^h^o)^i)[\\uo\\h^^ + \\f\\L^I,Hf-U 

+ sup ( / \\u{a)\\jjSQ\\xkV{a)\\Hi^ da)\ 

where x £ Cq°(R'^) is equal to one on the support of x- 
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Proof. Set 14 = XkV- We have 

(3.29) {dt + Tv, ■ V){xku) = Xkf + Vk ■ {yXk)XkU + {Ty, - Vk) ■ V{xku) := gt- 

Now computing the quantity ^||Xfe^(*)lli2) using the above equation, the fact that \\{Ty ■ 
V + (Tv V)*|| L2-s>L2 < C||y(t)||vi/i,oo and the Gronwah inequahty we obtain 

(3.30) \\Xku{t)\\L2 < F{\\V\\LH^i^w^,^)){\\XkUo\\L2 + \\gk{(T)\\L-i da^. 

Now we can write 

{dt + Tv, ■ V){Dnxku) = {DYgu + [Ty,, (Z?)^] • V{xku). 
By the symbolic calculus (see Theorem 3.16, {ii)) we have 

\\[Tv„{Dy] ■ V(xfcn)(t)||i2 < C\\Vit)\\w^,^\\xknit)\\H.- 
Therefore using (3.30) and Gronwall inequality we obtain 

(3.31) \\Xku{t)\\Ht^ < J'{\\V\\Li(^i^wi,^))^\\XkUo\\Ht^ + j \\gk{(y)\\Hi^ dcjY 
Coming back to the definition of g given in (3.29) we have 

\\Vk ■ {VXk)Xku{t)\\H. < C{\\V{t)\M\xkn{t)\\H. + \\u{t)\\Lo.\\VkmH^)- 
On the other hand we have 

(Vk - Tv,) ■ Vixku) = Tv(^,„) • Vk + R{Vk,V{xku)). 
By Theorem 3.16 {i) and an easy computation we see that 

\\Tv{xuum ■ Vk{t)\\H. + \\R{Vu,V{xku)) < C\\u{t)\\w^,o.\\Vk{t)\\H.. 

Using (3.31), the Gronwall inequality, the embedding of ff^" in and the above 

estimates we obtain the desired conclusion. □ 

3.7. Commutation with a vector field. 

Lemma 3.20. Let I = [0,T],y G C°(/, VFi+^(R^)) for some e > and consider 
a symbol p = p{t,x,(^) which is homogeneous of order m. Then there exists a positive 
constant K (independent of p,V) such that for any t ^ I and any u G {I , (R.'^)) we 
have 

(3.32) ||[rp,at + rvV,]n(t,-)|lL2^(R.) <i^c(p,y)||tx(t,-)||H"j(R'^) 

where 

C{p, V) := Mo"^(p)|| V|bo(,,H/i+^(R.)) + MS'idtp + V ■ V,p)\\Vh^^j,^,y 

Proof. We proceed as in the proof of Theorem 3.16 and we begin by the case where 
m = and p is a function. We denote by TZ the set of continuous operators R{t) from 

of (3.32). We write 



L'^i{IV^) to L^(R'^) such that sup^gj \\R{t)u{t)\\];^2md) is bounded by the right hand side 



Xk[Tp, dt + Tv ■ Vx] = Xk[Tp, dt + Tv ■ Vx]Xk + [XkTp, dt + Ty ■ Va;](l - Xk) 
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where x ^ Cq°(R'^) is equal to one on the support of x- By Lemma 2.17 in [3] the first 
operator in the right hand side of the above equahty belongs to TZ. Let us look at the 
second term. It is equal to 

-XkTdtpil - Xk) + XkTpTv ■ V^(l - Xk) - XkTv ■ VxTp{l - Xk) =■ A + B + C. 
We can write 

A = -XkTdtp+v-v^pi'^ - Xk) + Xfc7V-v,p(l - Xk) ■■= Ai + A2. 
By Theorem 3.16 (i) the term Ai belongs to TZ. Now 
A2U = Xfc^div(py)-pdivy(l - Xk)u 

= ^{2-W){dw{pV) -pdiYV)xk'p{2-W){{l - xk)u). 

Since 

\\iP{2-W){diY{pV) - pdiYV)\\Lo^ < C2^\\p\\l-o\\V\\wi.oo 

we deduce from Remark 3.17 that A2 GTZ. 

Let X £ C^(R,'^) such that x = 1 on the support of x ^-iid x = 1 on the support of x- 
We write 

B = XkTpXjTv ■ V,(l - Xk) + XkTp{l - x^)Tv ■ V,.(l - Xk) := Bi + B2. 
By Theorem 3.16 (i) we have 

\\Biu\\l2 < CIIpIIloc Wxf^Tv • V:,(l - Xk)u\\^2 

<C\\p\\l^ \\m~'D)V)2^Xt,M2-'D)il-Xk)4L2 
i>-i 

<^^INIl-II^IIl- E 2^\x,M2^'D)ii-Xk)u\\^, 
j>-i 

and Remark 3.17 shows that Bi G TZ. 

Now by (3.15) and Theorem 3.16 we can write 

\\B2u\\l2 < C\\p\\loo \\Tv ■ V^(l - Xk)u\\jj-i 

ul 

^ C'IIpIIloo ||y||j;^cx) ||u||^2 

ul 

so B2 G TZ. The term C is estimated exactly by the same way, introducing a cut-off 
after the operator Ty ■ V x- Thus C £ TZ. 

The case where p = a{x)h{^) and then were p is a general homogeneous symbol of 
order m is handled as in the proof of Theorem 3.16. □ 

4. The Dirichlet-Neumann operator 
4.1. Definition of the Dirichlet-Neumann operator. For d > 1 we set 

(n = {{x,y) G R'^+i ■.T]^{x) <y < r]{x)}, 

|s = {(x,y) GR^+i :y = r/(x)} 
17 



(4.1 



where r/^, is a fixed bounded continuous function on R*^ and 7] G W^'°°(R'^). We sliall 
assume that there exists h > such that 

(4.2) {{x, y) G R"'+^ : r/(x) -h<y < ri{x)} C n. 

In [3] the Dirichlet-Neumann operator G{r]) associated to has been defined as a contin- 
uous operator from i^^^R'^) to i/^2(R'^). Our aim here is to prove that it has a unique 

1 

extension to the space H^^CR'^) (see Theorem 4.8 below). Define first the space if^;(il) by 
u e Hli{n) ^ \\u\\Hi(n) ■= sup \\Xqu\\m{n) < +oo. 

Each element u G H^i{Q) have a trace on S (see below) which will be denoted by 7on. We 
introduce the subspace ff^j'^(O) C H^i{Q) defined by 

H'Jin) = {n G HU^) : jqu = 0}. 
Then we have the following Poincare inequality. 

Lemma 4.1. There exists C > depending on ||??||Loo(Rd) + ||?/* llLoo(iid) such that for 
a G C^(R'^) non negative and u G H^^f{Q,) we have 



a{x)\u{x,y)\ dxdy < C II a{x)\dyu{x,y)\ dxdy. 

J Jn 

Proof. Let u G H^^^^Q,). It is easy to see that there exists a sequence (n„) of functions 
which are in Q and vanish near the top boundary y = rjix) such that 

lim \\un - u\\Hi(nn{\x\<K}) = 0. 

As a consequence, it is enough to prove the result for such functions. Let a G C^(R'^), a > 
0. We can write 

ry 

u{x,y) = / dsu{x,s)ds 

Jri{x) 

from which we deduce 

a{x)\u{x,y)\'^ < \\r] — r]^,\\Looa{x) / \dsu{x, s)\'^ds. 

Jr)t (x) 

Integrating this inequality on we obtain, 

a{x)\u{x,y)\'^dx dy < \\ri — tj^^Wloc // a{x)\dyu{x,y)\'^dxdy. 



□ 



Remark 4.2. Let 

H^'^{n) = {n G L^{n) : V.^,yU G L^{n), and u\y=.^(^^^ = O}, 
then we also have the Poincare inequality 

(4.3) // a{x)\u{x,y)\^ <C f f a{x)\dyu{x,y)\^ dxdy 
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for all u G H^'^{fl), a G C^(R'^), q > 0, with a constant C independent of a. Indeed, 
this follows from the same computation as above using the fact that any u G H^'^{Q) can 
be approximated by a sequence of functions which are C°° in and vanish near y = rj{x). 



(4.4) A^,y$ = 0mO, $|s=V', — lr = 0, 



Proposition 4.3. For every ip G H^^CR^) the problem 

du 

has a unique solution $ G Hj^i(Q,) and there exists a function T : R"*" — t- R+ independent 
of {ip, rf) such that 

Proof. Before giving the proof we have to precise the meaning of the boundary 
condition ^|r = since F is only C*^. This condition means that 



(4.5) // V^^y^{x,y)-V^^y{a{x)e{x,y))dxdy = {) 

J JQ 

for every 6 G H^{Q,) (the usual Sobolev space) with supp0 C {{x,y) : ?7*(x) < y < 
ry*(x) + e} for a small e > and every a G C^(R'^). 

Notice that if r]^ G W^'°°(R'^) the Green formula (see [22] p. 62) shows that (4.5) is 
equivalent to ^|r = 0. 

Lemma 4.4. We have 



(4.6) J Vcc,y^{x, y) ■ V^^y{a{x)e{x, y)) dxdy = 

for every 6 G H^{^}) with 70^ = and every a G C^(R'^). 

Proof. If has support in a neighborhood of T,Vr = {{x,y) : x G H'^,r]^{x) < y < 
?7*(a;) + e}, this follows from (4.5). Assume that 6 vanishes in a neighborhood of F. Let 

= {{x,y) : r]^{x) + | < y < r]{x)} for e > small enough. Then 9 G if^(r2o) and 
^loco ~ 0- Thus 9 G Hq{Q,q). Since has a Lipschitz upper boundary there exists a 
sequence 9n G C^{Qo) which converges to 9 in H^{Qq) (see [22] Corollary 1.5.1.6). Now 
by the equation we have 



= {A^ -y<^, a9n) = / / V^.,y$(x, y) ■ V ,^^y{a{x)9n{x, y)) dx dy. 

J jQ 

Moreover 

jjj^x,yHx,y) ■ yx,y(a{x){9n " 9){x,y)^ dxdy < C||^||i^i^(t^)||0n - ^||/fi(no)- 

Therefore, passing to the limit, we obtain (4.6) for such 9. □ 
Part 1. Uniqueness: 

Let us denote by $ the difference of two solutions in H^i{Q.) of (4.4). Then 70$ = 0. 

Now we take in (4.6) a{x) = e~^C,{^) where A,B are large constants to be chosen, 
C G C°°(R) C{t) = 1 when |t| < \, suppC C {t G R : |t| < 1}, < C < 1 and (9 = ai(x)$ 
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where ai G Cq°(R'^) is equal to one on the support of a. Then 9 G H^{Q.) and 70^ = 0. 
We can therefore use Lemma 4.4 and we obtain 



(4.7) A 



I := I j^a{x)\V^^y^{x,y)\' dxdy 

J j jjyx{x))a{x)^{x,y) ■Vx<^{x,y)dxdy 



+ ^ [[ e-^C'{^)^{x,y){Vx{x))-Vx^{x,y)dxdy 



= (l) + (2). 
By the Cauchy-Schwarz inequahty we have 



1(1)1 < -j[jj^a{x)\VMx,y)?dxdyY[jj^a{xmx,y)\^dxdyy. 

Using Lemma 4.1 we deduce that 

1(1)1 < ^( jj^a{x)\VMx,y)?dxdy + j j^a{x)\dy^{x,y)\^ dx dy) . 

Taking A large enough we see that the term (1) can be absorbed by the left hand side of 
(4.7). We then fix A. It fohows that 

^^§E E // e~^\C{^)\\x,{xmx,y)\\V.{xk{xMx.y))\dxdy. 

\i \k — q\ > 2 we have suppxg H suppxfc = 0- Therefore we have |A: — g| < 1 (essentially 
k = q.) Moreover in the integral in the right hand side we have |x — q^l < 1 and 1 < < 2. 
If B is large enough we have therefore -j < < 3i? and \x\ > ^\q\. It follows that 

B 
3 

where 

(1) 



^<kl<3B 



Iff 1 

2 



I, = e ^'^(// \Xg{x)Hx,y)\^dxdyyU \V,{xg{xMx,y))\'' dx dy) 



so using again the Poincare inequality we obtain 
B 



^ jj \'^x,y{xq{xmx,y))\''dxdy 

f <kl<3B 

Since the cardinal of the set {q G Z'^ : ^ < |g| < 3i?} is bounded by CB'^ we obtain 
eventually 



e-^e{^)\Vx,y^{x,y)\''dxdy < CgS'^-^e-^^ ||«I>||^i 
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Letting B go to +00 and applying Fatou's Lemma we obtain 

e-^\V^^y^{x,y)\^ dxdy = 0, 

n 

which imphes that 'V x,y^{x,y) = in thus = since $|e = 0. 

Part 2: Existence. We first recall the situation when ■0 € H'^iJM^). In the following 
lemma, whose proof is given below, in section 4.2, we construct a suitable extension of if) 
to ^. 

Lemma 4.5. Let ip G (R'^). One can find i{j such that 
(1) G H^{Q), suppV' C {{x,y) : r]{x) — h < y < r]{x)}, 
= ^(^)' 

Then (see [3] for more details) the problem 

has a unique solution u £ H^'^{il). This solution, which is the variationnal one, is char- 
acterized by 

(4.8) / / Va:,yu{x,y) ■ Vx,yO{x,y)dxdy = - Vx,y}K.x,y) ■ V x,y6{x,y)dxdy 
J Jn JJn 

for every 9 G H^'^{Q,). It satisfies 

Then ^ = u + tp solves the problem (4.4). 

1 

Let us consider now the case where ip G i?^;(R'^). li q £ Z'^ and Xq is defined in (2.3) 
we set 

V^, = XgV'eii'5(Rrf). 

By Lemma 4.5 one can find ip^ G H^{Cl) such that tp^ly^^^x) = i^gi^) ^-iid 
{i) supp C {(x, y) : \x — q\ < 2, t]{x) — h < y < r]{x)} 
(ii) \\tg\\m(n) < -^(lhll^yl.-(R'^))IIV'9ll^l(J^rf)■ 
To achieve (i) we multiply the function constructed in the lemma by Xq{^)i where suppx 
is contained in {x : \x\ < 2} and x = 1 on the support of x- 

Let Uq be the variational solution, described above, of the equation A^^yUg = —Ax^y^q. 

Our aim is to prove that the series X^gggd Uq is convergent in the space H^^{QP). This will 
be a consequence of the following lemma. 

Lemma 4.6. There exists (5 > and T : R"*" — > R"*" non decreasing such that for all 
q £ Zi'^ we have 

(4.9) l|e'<"-'^>V,,,ng||i2(n) < -^(||r?||^i,oo(K.))||Vg||^i 
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Assuming that this lemma has been proved, one can write 

(4.10) <Ce-'^''-^^H\\ri\\w^-^^)\mHh 



Let us set = '}^\q\<QUq. First of all {S^) converges to u = X^ggzd Uq in V'{Q). Indeed 

if (/? S C^(il) there exists a finite set ^4 C Z'^ such that 99 = Yliki^AXW- Then using 
Lemma 4.1 and (4.10) we can write 

\{Uq,'f)\ < ^ \{XkUq,ip)\ < ||Xfc5yMg||i2(t^)||93||i2(Q) 

fceA fceA 

for large |g|. 

On the other hand (4.10) shows that for fixed k the series Yl,q^T,<'-XkUq is absolutely 

convergent in hI^'^{Q). Therefore {xkS'^) converges to (xku) in -f^^i*^(^) a-^d we can write 
using (4.10), 

\\Xk'^x,yu\\L2(n) = „1™ IIXfcV5'3||^2(Q) 



1 , 



Therefore u G H^f{^}) and 



(4.11) l|Vx,j/^x||i2^(f^) < -F(||r/||iyi,^)||^||^i . 

ul 

Finally ^ = u + ip solves the problem (4.4) and we have 

which completes the proof of Proposition 4.3 assuming Lemma 4.6. □ 
Proof of Lemma 4.6. We set 

We{x) = — -, r- 

l + e{x - q) 

Let Uq be the variational solution in H^'^iyt) of Aug = — A-^^. According to the variational 
formulation (4.8), with 9 = e^^^^^^Uq, we have 



V,,yUq ■ V,,y(e2^"'^(")n,) dxdy = - j V,,^^ • V ^,y{e^^^^^'''^Uq) dx dy. 
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Therefore 

f I g25«,,(x)^^^^^^ . ^^^^^^ dxdy = - ff e^^'^^^^^V^^yi^ ■ V,,yUg dx dy 

(4.12) ■'■'^ ■'■'^ 

-'^^ jj e^^'"^^''^UqV^^yi^^ ■ V^We dxdy-26 J J e^^'"^^''\qV^,yUq ■ V^We dxdy. 

Now VxWe is uniformly bounded in L°° with respect to E and x and, on the support of V'^, 

we have e^^^^^^ < eP^ . Consequently, using the Cauchy-Schwarz inequality, the inequality 
(4.3) with a = e'^^^^^^^ and taking 6 small enough we obtain 

(4.13) e''-^ I V.,,yUq \'dxdy<C\\±^\\l. . 
We deduce when e goes to 0, using the Fatou Lemma, that 

This completes the proof. □ 

4.2. Straightening the boundary. Before studying more precisely the properties 
of the Dirichlet-Neumann operator, we first straighten the boundaries of 

(4.14) = {{x, y) G R'^+^ : ??(x) -h<y< r^[x)]. 

Lemma 4.7. There is an absolute constant C > such that if we take 6 > so small 
that 

5||r/||^yi,oc(R,d) < — 
then the map {x,z) i— )• {x,p{x,z)) where 

(4.15) p{x, z) = {l + z)e^'^^-^7]{x) - z{e^'^(^+^)<^->7?(2;) - h} 
is a dijjeomorphism from (7 = {(x, z) : x E R*^, — 1 < z < 0} to Q.^. 

Proof. First of all we have p{x,Qi) = ri{x), p{x, —1) = r]{x) — h. Moreover we have 
dzP ^ f • Indeed we have 

d,p = + [e^^^^-^T] -r]) + {l + z)6e^'^^-\D,)7] 

-{r]-h + (e-^(i+^)<^-)7? - 7])} + z6e-^^^+'^^^-^D,^)7]. 

Now for any A < the symbol a(^) = e^^^'^ satisfies the estimate |c?^a(^)| < Ca(.^)~l"l 
where Ca is independent on A. Therefore its Fourier transform in an L^(R'^) function 
whose norm is uniformly bounded. This implies that ||a(-D)/||j^cx)(Rd) < -f^||/||Lcx){Rti) with 
K independent of A. Since e^^^^'^^r] — rj = 6Xj^e^'^^^^^D^)7]dt we can write 

This completes the proof. □ 
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From the above computation we deduce that 

h 



dzp{x,z) > - and \\^x,zP\\L'^(n'') < C'II^IIh/i.=°{R'«)- 



(4.16) 

We shah denote by k the inverse of p, 

p{x,z) = y 



If we set 
we have 

(4.17) 



> z = K{x,y). 
f{x,z) = f{x,p{x,z)) 



f df 1 ~ 

— (x, p(x, z)) = —dzf{x, z) := Aif{x, z) 



dy 



dzP 



Vxf{x,p{x,z)) = {V^f 



^xP 

dzP 



dzf){x,z) := A2/(x,z). 



We introduce the space 

= {uG Lliin) : A,u G Lliin), j = 1,2}, 

endowed with the norm 

2 

,|~|, 11 ~,, 

'"■niy"') ^i.d"""' "-^-y"-) 

J= 

Then according to Lemma 3.12 we see that the elements of T-L^j^iQ) have a trace on 

z = belonging to the space ■H^;(R'^). Then we introduce the subspace l-i]^f{Q) C T-L\i{^) 
defined as follows 



IIWi (Q) - sup ||Xg^^|li2(^) sup \\XqAjU\\^2(^y 



z=0 



0}. 



It follows that we have 



u G /7i,(0) ^uG nUn), u G Hl;^m ^uG T^^^f (1^). 

4.3. Definition of the Dirichlet-Neumann operator. We can now define the 
Dirichlet-Neumann operator. Formally we set for ijj G H^jCR!^) 



5$, 



(4.18) 



Givmx) = (1 + |V,r?|2)2 = (^ - VxV • V.$)|e 



5y 



(Ai^> - V^T] ■ A2$) \z=o = (Ai^ - V:,p • A2$) U=o 



where $ is the solution described in Lemma 4.3 and Aj is as defined by (4.17). Our aim 
is to prove the following theorem. 

Theorem 4.8. Let d > 1 and rj G Vl^^'°°(R'^). Then the Dirichlet-Neumann operator 

is well defined on H^^(R!^) by (4.18). Moreover there exists a non decreasing function 
J" : R+ ^ R+ such that for all r] G W^'°°{R'^) 



l|G'(??)Vll^-i^^^^<-^(l|r?||H/i.-(R.))||Vll^ 



24 



Proof. Set U = Ai<I>- V^^p- A2<I> and J = (-1,0). We shall prove that for all q G Z'^, 
(4.19) \\xML\J,L^)<^{h\\w^^^)\ 



H' 



(4.20) \\x,dML^iJ,H-^) < F{M\w^,^)U\\ „i 



ul 



where J- : R"^ — t- R"*" is independent of q and rj. Then Theorem 4.8 will follow from (4.19), 

(4.20) and Lemma 3.12. Recall that ^ = u + ip. Now the estimate (4.19) follows from 
(4.11), (4.17) and Corollary 3.11 with a = and m = 1. To prove (4.20) we observe that 

(4.21) d,U = -V4id,p)A2^). 
Indeed we have 

d,u = d,Ai^ - v^d.p ■ A2$ - • a,A2$ 

= {d,p)kll - VAp ■ A2$ + (5.p)(A2 - V,.)A2$ 

= {d,p){Kl + a2)$ - v4(a,p)A2$) 

so (4.21) follows from the fact that (Af + A2)<^ = 0. Then (4.20) follows from the estimates 
used to bound (4.19) and the Poincare inequality (4.3). The proof of Theorem 4.8 is 
complete. □ 

We state now a consequence of the previous estimates which will be used in the sequel. 
Notice first that the equation (A^ + Al)^ = is equivalent to the equation 

(4.22) {dl + aA, + /3 • V.O, - ^d,)^ = 0, 



where 



^^-^P)"^ a o dzp^xp ._ 1 /o2 



^^•23) ^■■= ,\]^ 12 ' /5 ^=-27X^^2' l--=T-{dlp + a/^xp + fi-Vxd,p). 

l + |Vp|^ l + |Va;/3r dzP^ 

Corollary 4.9. Let sq > 1 + f o-nd J = (—1,0). There exists a non decreasing 
function T : R"*" — t- R'^ such that 

(4.24) ||V:,^$|| 1 <J^{\\r]\\ )||V'|| 1 

Proof. First of all the estimate 

liv«ill,i,,,<c||«||^i 

ul ^ ' ul 

follows from Corollary 3.11 with 5 = 1, m = 0, 1 and a = 0. 

On the other hand we notice that dz = (dzp) Ai and V^, = A2 + (Vx-p)Ai. Let x £ 
C^(R'^),X = 1 on the support of %. Since s > 1 + |, using Corollary 3.11 with a = s we 
can write 

\\Xk^x,zP\\L°°(JxI{.'l) < C\\Xk'^x,zP\\^^^j^,-l^ < C'\\Vx,zP\\^^^j^,-.l.^ ^ 

<c"ii + M ^^1). 

H , ^ 

ul 
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It follows from (4.11) that 

(4.25) l|V.,.5k2(j,L2)^, <^(||r/||^,+ i)||V|| 1. 



ul ul 



Now using Lemma 3.12 we have 

||XfcV^.5||^^^^^^_i^ < C(||xfeV^.n||i2(j^i2) + \\Xkdz^xu\\mj,H-^))- 

The first term in the right hand side is estimated using (4.25). For the second term 
using (4.25) we have 

WXkdz^ xU\\l^{J,H-^) < \\{^ xXk)dzU\\L^{J,H-^) + \\XkdzU\\L^{J,L'2) 



(4.26) 



Therefore 



<C\\dzU\\L%J,L-U<HU\.+ l)\mi- 

H , H 



(4-27) ||V^S|| , 1 <^{M\ s+OII^II 1- 

\ J II X 11^^^^^^-^^^^ _ VII /ii^s+^yiiv-ii^^,^ 



Eventually 



(4.28) II^'^^^^IIl-cj.h-s) - + \\XkdM\L-^{J,H-^))- 

The first term in the right hand side is estimated using (4.25). For the second term 
using (4.23) we have 

WXkdluWl^i^j^H-^) < ^1 + ^2 + ^3 

Ai = ||xfcaA5||i2(j^^-i) 
M = Wxkl^dzV xuWl^^j^h--^) 

^ ^3 = \\XkldzU\\L^(^j^H-^). 

Now using (3.5), (4.25) and (4.26) we obtain 

^1 < l|a|| = 1 II Anil r2c r tf-i-i ,< -Fdlryll OH^/^H i, 

- II "l°°(j,_h-'^-2)„," (^"''^ - ^" 'ii^=+^^ii^ii^2 ' 



ul 



A2 < m.^.j^s^i. l|5.V.5||^2(,,^-.)„, <^(h|| .)||V^|| 



3 ^ llTlLoo(j,;,s-3^^J|a,u||i2(j,i2)^, <^(||r?||^,+ i|r</;||^i 

ul u 



A: 

Therefore using (4.28) we obtain 



llC^^'Wll . 1 X < -^(ll??ll ,+ 1 ) I, T- 11 ■ 

II iil°°(j,h-3)„; - vii /ii^=+3;iiT 

UL Ul 

which completes the proof of Corollary 4.9. □ 

4.4. Higher estimates for the Dirichlet Neumann operator. In this section 
we prove the following results. 

Theorem 4.10. Let d>l and sq > 1 + f . 

Case 1. There exists J- : R"^ — )■ non decreasing such that for — ^ < c < sq ~ li 

S()+- 

every rj E H^'j^ ^ (R-*^) satisfying (4.2) and every 

^ e H^i^^i'R'^) we have 

ul 
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Case 2. For every s > sq, there exists J- : — > non decreasing such that for every 
Tj G H^^^iJM^) satisfying (4.2) every sq — 1<ct<s— ^ and every -0 G i/^j"^^(R'^) we have 

ul ul ul 

We set 

(4.29) R{r])^ ■=G{r])iP -T^il^ 



where 

2 



A=((l + |V.7?|2)|e|2-(V.r?.0')- 
Theorem 4.11. Let d>l and sq > 1 + f . 

Case i. There exists T : R"^ — )■ R"*" nori decreasing such that for < t < sq — |, 
7/ G i/^^^^(R'^) satisfying (4.2) we /lawe 

||i?(r?)V'||H^, <-^(hll .o+^)IIV' IL*+i 

UL ul 

t+- 

for every -0 G L^„j ^ (R*^)- 

Case 2. For all s > sq there exists J- : R^ — ?■ R^ non decreasing such that for every 

Tj G i7^^^(R'^) satisfying (4.2), ewery sq — | <t<s—^ and every -0 G -ff*^^ (R-'^) /laue 

ul ul ul ul 

The main step m the proof of the above theorems is the following elliptic regularity 
result. 



(4.30) 



Theorem 4.12. Let d> l,J= (— l,0),so > 1 + f. Let v be a solution of the problem 
f (9^ + aA^ + /3 • V^dz - -td^)v = F in K'^ x J, 



Case 1. For < a < so - I let r? G H^^^'^ (R'^) satisfying (4.2), -0 e Kj^^i'^'^)^^ ^ 
Y-{J) and 

(4.31) \\^x,zv\\ 1 <+oo. 

^ui i-J) 

Then for every G] — 1,0[ one has V x,zV G X^^(zo,0) and one can find F : R+ — >• 
non decreasing, depending only on {so,d) such that 

ul ul ^ ^ 

Case 2. For s > sqi ^'^d sq — l<a<s— ^ let rj G H^j^ ^ (R ) satisfying (4.2)^ tp E 
H^i^\R^),FGY^liJ) and 

(4.32) \\'^x,zv\\x-o-^(^j) < +00. 
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Then for every zq e] — 1,0[ one has Vx,zV S X^^(zo,0) and one can find T : — )■ 
non decreasing, depending only on {so,s,d) such that 



\^x,zV\\x^^{zofl) 

Corollary 4.13. Let sq > 1 + f . Let <i> be defined in Proposition 4-3. 



'J.I 



Case 1. For — ^ < a < sq — 1 assume that r] G H^i^^ (R'^) satisfying (4.2) and 
ijj G Hl^^{I{!^). Then there exists J" : R+ R+ non decreasing depending only on {s(),d) 
such that 



f-r,d\ 



Case 2. For s>so, so-l<a<s-^ assume that rj G H^^ ^ (R''), V ^ (Tc-) 
satisfying (4.2) and ili G //^^'^^(R"'). Then there exists T : R^ — ^ R^ non decreasing 
depending only on {so,s,d) such that 



<-^(ll(^, 



1 + 



H" 



+1}. 



Proof. Indeed <I> satisfies (4.30) with F = and it is proved in Corollary 4.9 that 



xy{zo,0) 



H' 



1 < +00. 



UL 



□ 



Moreover the estimate of ^ in X^^(zo,0) is obtained by the Poincare inequality from the 
estimate of 9^$. 

Proof of Theorem 4.10 given Corollary 4.13. Let us set 

(4.33) H = Ai$ - V^p ■ A2$. 
By (4.18) we have H\^=o = G{r])il) and by (4.21) 

(4.34) d,H = -V4(5,p)A2$) = -V4(a,p)V, - (V,/?)a,)$. 
Using Lemma 3.12 with / = XqH, (4.34) we deduce that 



Moreover by (4.34) we have 



\\{dzP)y.^ 



1, +\\{Vxp)dM 



Case 1. If —i < 0" < So — 1 we use the estimate 



ll/ffll 



L2(J,H'^+^)), 



<CII/II 



4> 115 



which follows from Proposition 3.3 with ao = a + ^,ai = sq — ^,a2 = <t + the estimates 
on p and Corollary 4.13. 
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Case 2. If sq — 1 < cr < s — ^ we use the inequality 

"•^^"l2(J,//''+2)„, - \\f\\L--{J,H^o-^)J\s\\x:^,{J) + I|5|Il-(J,H»o-1)„JI/IU-(J) 

the estimates on p and again Corollary 4.13 to obtain Theorem 4.10. □ 
Theorem 4.12 will be a consequence of the following two results. 

Proposition 4.14. Let sq > 1 + |. There exists T : R+ — ^ R+ non decreasing such 
that for —1 < zq < zi < 0, — ^ < c < sq — 1 and k ^ Ti^ we have 

CHa) \\^x,zVk\\x'^(zi,0) 

ul 

where = XkV- 

Proposition 4.15. Let sq > 1 + f , and s > sq. Then there exists T : R+ — ^ R+ non 
decreasing such that for — l<zo<^i<0, sq— l<o"<s— ^ and k £ Zi'^ we have 

ul 

+ (i + lb?ll^.+ i)l|v.,.iyfc||^.o-i(,„,o)}' 

ul 

where Vk = XkV. 

We shall prove these two results by induction on a and by the same method. However 
we have to distinguish them since we want the right hand side of these estimates to be 
linear with respect to the higher norms of {ip,ri). 

Since and (/Csq-i) are trivially satisfied if > 1 these propositions will be a 

consequence of the following one. 

Proposition 4.16. Case 1. Let sq > 1 + f . // {Ha) is satisfied for some < a < 
So — 1 then (T-L^^^i) is true as long as a + ^ < sq — 1. 

Case 2. Let sq > 1 + | and s > sq. Lf (/Co-) is satisfied for some sq — 1<ct<s— ^ 
then (/C^_,_i ) is true as long asa + ^<s— ^. 

In the sequel, case 1 will refer to Proposition 4.14 and case 2 to Proposition 4.15. 



4.5. Non linear estimates. We begin by estimating the coefficients a, (3, 7, defined 
in (4.23). We set J = (zo,0). 



Lemma 4.17. Case 1. Let sq > 1 + f ■ Then there exists T : R+ — > R 



decreasing such that 



non 



Case 2. Let sq > 1 + ^. Then for s > sq there exists J-i : R'^ — t- R"*^ non decreasing 
such that 

l|a|| . 1 s 1 +II7II . 3 <-Fi(||??|| .+ 1+1)- 
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Proof. Since 

p = (1 + z)e^'^^^^7] - z(e-^(^+^)<^->r/ - h) 
Lemma 3.11 shows that that for all t € R, A; € N and all a € S'fg we have 

(4.35) \\d^a{D)p\\xt u) < C(l + \\r]\\j^t+^+k j^t+m+k). 

Ul''- 111 ul 

Then according to (4.23) we write 



a = {d,pY-{d,pYGi{V.,p), GiiO 



1 + 



2 ■ 



Case 1: The estimate for a follows from (3.3) and (3.5) with p = sq — ^. The estimate 
for P is similar. Now we can write 

7 = + - (5.p)Gi(V,p))A,p + G2(V,p) • V,5,p, G2(0 = 

ozP ^ 1 + icr 

To estimate 7 we first use the embedding 

133 

which is a consequence of Lemma 3.5 with p = +00, ctq = cti = sq — |, a"2 = sq — ^ and 
p = 2, do = <T2 = So — 1, o"! = So — ^. Then we use (3.5) and (4.35). Case 2: The estimates 
of Q and (3 follow from (3.3) and (3.5) with p = s — ^ and from (4.35). The estimate of 7 
follow from (3.4) with p = s — and (4.35) with t = sq — ^,111 + k = 2. □ 

According to (4.30) we have 

" {dl + aA^ + /? • V^d,){xk^ = XkF + F0 + F1 
(4.36) { Fo := aV^Xk • V^?^ + /3 • V^Xk ■ d,v 

Fi ■■= IXkdzV. 

Lemma 4.18. Case 1. Let sq > 1 + f ■ There exists T : Ti^ — >■ R"*" non decreasing such 
that for — |<cr<so — 1 with o" + | < So — 1 

1 

Case 2. Assume so > 1 + f • Then for all s > sq there exists T : R^ — )■ R"^ non 
decreasing such that for sq — l<a<s— with (T + ^<s— ^ we have 

1 

VllF-ll 1 

II Jlly'^+5(J) 

j=0 
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Proof. Case 1: The terms Fq and Fi have the same structm'e but Fi is worse since, 
according to Lemma 4.17, 7 is bounded in a weaker norm. 

Let us look at the term Fi. We can use Proposition 3.5 with p = 2,ao = a,ai = 
So — 1 , o"2 = o". Indeed we have ai + a2 > since sq > 1 + | , ctq = en > f < C2 due to the 
definition of a, eventually ao < ai + a2 — ^ since sq > 1 + ^. We obtain 

\hXkdzV\\L2{.J,H'^) < \\Xk'y\\L^{J,H'o-^)\\XkdzV\\L^'(J,H'^) 

and we use Lemma 4.17 to conclude. 

Case 2: Using (3.4) with fi = a — ^ we obtain 

\hxkdzv\\mj,H-) < c(ll7ll l|9^?y||^so-i + IItIL so-§ll^^^ll^:i)- 

Since <t — ^<s — |we can use Lemma 4.17 to conclude. □ 

Our next step is to replace the multiplication by a (resp. /3) by the paramultiplication 
by Ta (resp.T^). Recall that we see that the equation (4.36) can be written as 

(4.37) (^2 + aA, + /3 • V,dz)vk = F + Fq + Fi . 
Then we have the following result. 

Lemma 4.19. Let J = (zo,0),so > 1 + f and s > sq. There exists T : R+ R+ non 
decreasing such that, for all I C J, Vk satisfies the paradijjerential equation 

(4.38) (92 + r,A, + ■ V^dz)vk = F + Fo + Fi + F2 

for some remainder F2 satisfying 

Casel: if < cr < sq — 1 with o" + ^ < sq — 1 

(4.39) ll^2||^.,i(,^ < ^{U\^s,,^,)\\^.,Mx:,ii). 

ul 

Case 2. if sq — l<a<s— ^ with cr + ^ < s — ^ 

(4.40) ||F2||^^,.^^^ <^(h||^,„,.)(h||^,,. +l)||V.,.If||^=o-i(,^ 

ul ul 

Proof. Case 1: Using Proposition 3.18 with 7 = 0", r = so — |,/U = o"— ^ which satisfy 
all the conditions we obtain 

The result follows then from Lemma 4.17. 

Case 2. By Theorem 2.10 in [3] we have the following estimate for a > 

II (a — rQ)ti|| < Cllnll 1 ||a|| ^.i. 
Let X £ Co°(R'^) equal to one on the support of x- We write 

(a - Ta)ArcVk = iXkO - T^i^a)^xVk + T(^^^_i)aA.xVk. 

It follows from Lemma (3.13) and the above inequality that 

||(a - Ta)A^Vk\\H'' < C||Aa;?;fc||^_i ||xfca||^,+ i. 
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Since 2 c C* and tr < s — 1 we obtain 

\\{a -Ta)A^Vk\\L2{j,H^) < C\\V.j:^\ so-i, A\a\\ 

wich in view of Lemma 4.17 Case 2, proves (4.40). □ 

Then as in [3] we perform a decoupling in a forward and a backward parabolic evolution 

equations. Recall that rj E (R!^), in particular rj E W^'°° (R!^). We can apply Lemma 
3.29 in [3] to obtain the following result. 

Lemma 4.20. Let sq > 1 + |. There exist two symbols a, A in Fi (R'^ x J), : R+ — ^ 

2 

R"*" non decreasing and a remainder term F3 such that 

(4.41) {d, - T,(,))(a, - r4(,))I^fc = F + Fo + Fi + F2 + F3 
with 

(4.42) sup {M\{a{z))+M\{A{z)))<HM ^ ) 
and 

ul ^ J 

for all o" E R. 

Proof. We follow closely the proof of Lemma 3.29 in [3]. We set 
(4.44) ^ ^ ^ 



^= 2(-^/3-e + V4aiep-(/5-0' 

We claim the there exists c > depending only on 11 r? 1 1 „ , 1 such that 



Since we have sq > 1 + f we deduce from the paradifferential symbolic calculus that 



(4.45) V4a|?|2-(/3-0'>c|e|. 
Indeed according to (4.23) we see by an elementary computation that 

Then our claim follows from (4.16). 

d 
2 

{d, - Ta){d, - Ta) = dl + r„A, + Tfi ■ V,c>, + R0 + R1 

where 

3 

Ro{z) := Ta(z)TA(z) - TaA^ is of order - 

3 

Ri{z) := -Tq^a(z) is of order - 
together with the estimates 

sup {\\Ro{z)\\^,^z^^^ + \\Ri{z)\\^,^.^J<HM\{A)+M\{a)). 
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Now the seminorms A4 \ (A) and A4 \ (a) are bounded by the W2'°°(Il'^) norms of a and /?. 

2 2 

Since for / = a, /3 we have 

we deduce from Lemma 4.17 and the fact that the symbols of Rj vanish near the origin 
that for j = 0, 1 

\\Rjiz)Vk\\H'' < J'iWvW sQ+^)\\^xVk\\^^+l■ 
The proof is complete. □ 

4.6. Proof of Proposition 4.16. Case 1. Assume that (Ha) is satisfied, which 
means that there exists Iq = {zo,0) such that 

(4.46) \\Vx,zVk\\x^^,) < ^{Ml s,+^){\mH^^+i + \\F\\y:,{J) + l|v.,.iy|| 1 }. 

ul ul ^ ' 

From this estimate and the Poincare inequahty we deduce that 

(4.47) \\'^.,Mx^iio) < -^(II^IL .o+i){ll^ll/^r + ll^ll^uV^) + \\^-'^^K-in}- 
We want to prove that 

(4.48) WVxzVkW „+i <-;^i(ll??ll , +0(||''/'II .+ 3+||F|| „,i +\\Vxzv\\ 1 V 

Introduce a cutoff function 9 such that ^(20) = 0, 9{z) = 1 for z > zi. Set 

(4.49) Wkiz, •) := e{z){d, - TA)vk{z, ■). 
It follows from Lemma 4.20 for z > zq that 

3 

(4.50) d,Wk - TaWk = 0{z) [F + Y, Fj) + ^4 
where 

F^ = e'{z){d,-TA)vk. 

We deduce from Lemma 4.18, Lemma 4.19, Lemma 4.20 and (4.47) that 

3 

j_Q ul ul ^ ' 

and we see easily using (4.46) that 

(4.52) l|i^4||^.,. < HM^s^,i){\mH:;^^ + \\F\\y:^iJ) + W^.M^-i .V 

ul ul ^ ' 

Now using Proposition 2.18 in [3] and (4.50), (4.51) and (4.52) we see, since Wk\z=ZQ = 0, 
that 

(4.53) w^kW^.,^ < -^(hii^,+^){ii^ii^.„r + + ii^^'^^iix-^(j)}- 

ul ul ^ * 

Now notice that on Ii := (^i, 0) we have 6{z) = 1 so that 

(4.54) {d, - TA)vk = Wk. 
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We may apply again Proposition 2.19 in [3] and write 

llV^fi-ll ^1 < \\Vk\\ 

ul ul 

<-F(||r?|| .) (11^^,11^,^. +11^11 a) 

ul ul 

<^(NI„,.i)(ll*ll„.., + ll''ll,,.i,,, + l|V„5|| 1 ). 

ul ul ul ^ ' ul ^ ' 

The same estimate for dzV^ follows then from (4.54) and (4.53). Thus we have proved (4.48) 
which completes the induction. 

Case 2. Assuming that (/Co-) is true, the exact same method shows that {fC^j^i) holds 

as long as(T + ^<s — ^. Details are left to the reader. 

5. Proof of Theorem 4.11 



Let < t < s - i. Recall that 



1 + |VxH' 

dzP 



We shall set 

9j\z=o = gj, j = 1, 2, ^1^=0 = ^0, a\z=o = oq. 

We recall that we have set Xk^ = where $|2=o = ip and Wk = {dz — TA)^k (see (4.49)) 
for z G /i. It follows that we can write 

XkG{ri)i) = 9l{dz^k)\z=o - Xkgl^xi^ 

= 9iWk\z=Q + 9i[TAo,Xk]'^ + Xk{9iTAo - 92 ' V)^. 

We shall set 

(5.2) Ri = {xk9i)[TAo,Xk]ilJ, R2 = {Xkgi)wk\z=o 
where x ^ Cq°(R'^) is equal to one on the support of x so 

(5.3) XkG{ii)ij = Xk{9iTAo - 92 ' V)V + ^1 + ^2- 

Let us set U = [T^o,Xfc]^- By the symbolic calculus, since H^^j^"^ C VF2'°° we have for all 
0- G R 

(5.4) ||f/k^<-F(||r?|| .)|H| 1. 

UL ul 

If < t < So — ^ the product law in Proposition 3.3 gives 

WxkgiUWu^ < \\xk9i\\„so-i\W\\H* <y'{M\ +i)\\u\\Ht. 

ul 

If So — ^ < t < s — I we use the estimation 

\\Xk9iU\\m < C{\\xk9i\\H-o-A\U\\m + l|XA;5illH'l|f^ll//=o-i)- 
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Therefore using (5.4) and (3.5) we obtain 

Wxkgluu^ < -F(||(r?,^)|| . 1 + IIV'II 1 + 1}. 

uL UL uL ul 

It follows that we have 

(5.5) \\R,\\h^ < ^(||(r?, V)|L + ! .+ 1 + ||^|| + l}. 

ul UL UL ul 

By the same argument as above we have 

(5.6) <-^(hll .o+i){ll^'^l-=oll/^^, + II^IL.+ ^ll^fcU=oll^^=o-i}. 
Now using (4.53) with a = t — ^ we obtain in particular 



Moreover we deduce from (4.50) that 

4 

j=0 

It follows from (5.7) and the estimates already obtained on the Fjs that 

(5.8) \\d.Wk\\^,^^^^^.-i^< ^{M^.,^^)m^^^i +1)- 
Applying Lemma 3.12 to Xq^^k we obtain, for < t < s — ^ 

(5.9) \\wk\z=o\\Hi^ ^ •^(ll^ll^.o+^)(IIV'll^.+ ^ + !)• 

ul ul 

Combining with (5.6) we obtain 

(5.10) \\R2\\h^ < T{\\{v,n\.o^ „=o+^){II^IL=+^ + IIV'IL.+^ + !}• 

ul ul ul ul 

Now we have 

Xk{giTAo -92-^)'4' = XkTgOAo-i^-g^'^ + R3+ R4, 

(5.11) R3 = Xkiig'i - Tgo)TAo^ - (92° - r,o) • ViP} 

= Xk{TgOTAo - TgO^j. 

If < t < So — ^ we use Proposition 3.18 with j = t,r = so — ^,fi = t — ^ which satisfy 
the conditions and we obtain 

WxkKg'i-TgojTA^H^ < lb?ll .^-iIITaoV'IL 

ul ul 

and an analogue estimate for the term containing §2, from which we deduce 

(5.12) \\RAm<^[M.,+^^)\m^t+^^- 

ul ul 

Prom Theorem 3.16, [ii) with p = ^ we have 

(5.13) \\R4H^<HM\^s,,^i)\m^.^^_- 

ul ul 
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Summing up, using (5.3), (5.5), (5.10), (5.12), and (5.13), we obtain 

XkG{ri)ip = XkTgOAo~i^-g°'^ + -^5 

with 

Psib* <-^(||(r?,V)ll ,0 + 1 i +1}. 

M , X ri , 

UL uL 

So Theorem 4.11 follows from the fact that 



H ^ H , 

ul ul 



5^0 - ii ■ gl = V(l + |V.??|2)|C|2-(V,r?.02. 

6. A priori estimates in the uniformly local Sobolev space 
6.1. Reformulation of the equations. We introduce the following unknowns 

(6.1) C = V,77, B = {dy^)\y=r,, V ={V^^)\y=.,, a=-{dyP)\y=^ 

where $ is the velocity potential and the pressure P is given by 

where Q is obtained from B,V,rj by solving a variational problem (see §7.2 below for 
details). 

We begin by a useful formula. 

Lemma 6.1. Let I = [0, T] and sq > 1 + f . For all s > Sq one can find T : R+ R+ 
non decreasing such that 

G{r])B = -divF + 7 

with 



'L°°(/,//''"2(R'i))^ 



Proof. The estimate of the lemma will be proved first with fixed t which therefore 
will be skipped. Let 9 be the variational solution of the problem 

^x,y9 = in ri, 9\y—jj(^^^ = B. 

Then G{rj)B = {dyO — V x9)\y=r^[x)- On the other hand since Vi{x) = di^{x,r]{x)) we 
have 

div V = {Ax^{x,ri) + Vxr] ■Vxdy^){x,r]{x)) 
= {-d^^{x,r]) + VxV'^xdy^){x,ri{x)) 
= -{dy- VxV • Vx)dy^{x, v{x)). 

It follows that 

G{r])B + div V = J, ^ = {dy-Vx7]-Vx){e-dy^){x,r]{x)). 

Setting Q = 6 — dy^ we see that Ax,yQ = in fi, and Q\y=-q = 0. Therefore we may apply 
Theorem 4.12 with o" = s — | to deduce that 



ul ^ ^ ul ul ul 
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where Q{x,z) = Q{x, p{x, z)). Using (3.3) with fi = s — h we deduce that 



INxzlW s 1 < J^i\\ir],i')\\ s +1 .+0(1 + 11^/11 .+ 0- 

ul \ ui / ul ul ul 

Now using the equation satified by 0, Lemma 4.17 and Lemma 3.12 we obtain the desired 
conclusion. □ 



Proposition 6.2. Let sq > 1 + f . Then for all s > sq we have 

(6.2) {dt + V- V.,)B = a-g, 

(6.3) (dt + V- V,)V + aC = 0, 

(6.4) ^d^ + vV,)C = Gir])V + CGiv)B + R, 
where the remainder term R = R{r],ip,V, B) satisfies the estimate 

^ ul ' 

where H"" = if'^(R'^). 

Proof. According to Proposition 4.3 in [3] the only point to be proved is the esti- 
mate (6.5). Let us recall how R is defined. Let be the variationnal solutions of the 
problems 

(6.6) Aj;,j^6'j = in Jl, 6'j|y=^ = "l/j, i = l,...,d 

(6.7) l\x^yed+i = in 17, 9d+i\y=r^ = B, 

(6.8) '^x,y'^ = in n, ^\y=r, = -0- 
Then, (see [3] Proposition 4.3) 

(6.9) Ri = {dy-V^,rj-V^)Ui\y=r„ Ui = di^ - 9i, i = l...,d 

(6.10) Rd+l = {dy -V^T] ■Vx)Ud+l\y=r,, Ud+1 = dy^ - Od+l- 

First of all for i = 1, . . . , d we have /S.x,yUi = in and Ui\y=r^ = since di^\y=r^ = Vi. 
Denoting by Ui the image of Ui by the diffeomorphism (4.15) we see that Ui satisfies the 
equation (4.30) with F = ij) = Q. It follows from Theorem 4.12 wit a = s — ^ that 

(6.11) l|v.,S.|l 5 < ^(llto.VOII ^ .i)(i + ll'>ll„..5)liv..t/<ll^ i 

ul ^ ' ul ul ul ul ^ ^ 

We are left with the condition (4.31), that is. 



V^^^C/j _i < +00. 
Indeed, since 6i is the variationnal solution of (6.6) Corollary 4.13 shows that 



V.,.0.||^_i^^^<J-(h||^,„,i)||y,||^i. 



ul ^ ' ul ul 



Now 5,$ = (^i - |^a^)^>. It follows that 



|V^5i$|| _i < \\dM\ 1 < \\dM\ 1 + 
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KiiJ) 



Now we use the following facts: since sq > 1 + 2 one has X^^ {J) <Z X'^^{J); moreover 

„ 1 



^ ( J) is an algebra and eventually llf^lljicso-icj) ^ -^dl'?!! so+^)" deduce using 



(J) - vii'/n 



Corollary 4.13 that 



ul 



ul ^ ' ul ul 



To estimate the term ||32(9j<&|| _ 1 we follow the same path using furthermore the equa- 
tion (4.30) with F = satisfied by We obtain eventually 



ul ^ ■' ul ul u 

Using (6.11) we obtain 

("2) l|v..f?.||,.-5,_,,<^(llC).*i')ll .5,„,.4.„,){i + NI„..i}^ 

ul ^ ' ul ul ul ul 

Now from (6.9) we have 

(6.13) Ri:=TZiU=o, TZ^ = (^^^^^^8, - V ,p ■ V^U^ := {Ad, + B ■ V,)U^. 
Using (3.3) with /i = s — ^ and (6.12) with s and sq we obtain 

(6.14) ||7J,|| , < ^(llto.*.V')ll,,.5,,,.4,„,){l + 

ul ^ ' ul ul ul ul 

Now we claim that 

(6.15) \\dzTZA . 3 <Ti\\[T],^,V)\\ , ,1 , ,1 Ul + hll .+ iV 

ul ^ ' ul ul ul UL 

Indeed we can write 

d.Ui = {d,A)dM + {d,B) ■ V^Ui - {dwB)d,Ui + V, • {B^,U^) + Ad%. 

The first three terms are bounded using (3.4) with /i = s — | and (6.12), the fourth is 
estimated using (3.3) with /i = s — ^ and (6.12), eventually for the last term we use the 

fact that d'^Ui = -(aA^ +/3 • Vd, - id,)Ui together with (3.3), (3.4), and (6.12). Finally 
from (6.14) and (6.15), using Lemma 3.12 we obtain (6.5) for Ri. 

We use exactly the same argument to estimate lliirf+ill . This completes the 

proof of Proposition 6.2 □ 
6.2. Estimate of the Taylor coefficient. 

Proposition 6.3. Let I = [0, T], sq > 1 + f • For all s > sq there exists T : R+ R+ 



non decreasing such that, with H"^ = i?°"(R ) 

;F{\\iv,i^,v,B)\ 
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(6.16) h-9\\^^^j^^s-^^^^<H\\iv,i^,y,m^^^j^j,.,+^^^s,+^^j,^ 



For convenience we shall set in what follows 

(6.17) To=: J^(\\{r],tp,V,B)\\ , , ,i , ,i ^ ) 

where J- : R"*" — t- R+ is a non decreasing function which may change from line to line. 

Before giving the proof of this result let us recall how a is defined. As is [3] the pressure 
is defined as follows. Le Q be the variationnal solution of the problem 

(6.18) A,,yQ = inn, Q\y^^ = ^B^ + ^\V\''+gri. 



Then 

I P = - ^ 



(6.19) P = Q-l\V,,y<^\^ - gy. 



It is shown in [3] that Q = -dt^. Then 

(6.20) a = -dyP\y=r^. 

We deduce from (6.18), (6.19) that P is solution of the problem 

(6.21) /^,,,yP = P\y=r, = ^. 

Denoting, as usual, by P, Q, $ the images of P, Q, $ by the diffeomorphism (4.15) we have, 
using the notation (4.17), 

P = Q-^(Ai$)2-l|A2$p-5p 
and we see that P is a solution of the problem in R'^ x J, 

2 

(6.22) {dl + qA, + /3 • V^d, - jd,)P = -aY^ |A.A,$|', P|,=o = 0. 
Notice that we have 

(6.23) Ai$U=o = B, A2$|,=o = V. 

Proof of Proposition 6.3. Below the time is fixed and we wih skip it. We want 
to apply Theorem 4.12 with a = s — ^, so we must estimate the source term and show 
that the condition (4.31) is satisfied. We claim that (see (6.17)) 

(6.24) l|V^.^P|| 1 <To 

First of all since Q is a the variationnal solution of (6.18) we have according to Corol- 
lary 4.9 

llv„Qll j<^(|M| j)(|lB^ll j + l + NI i). 

uL ul ul ul uL 

1 

Using the fact that if^"(R'') is an algebra contained in H^^CRf^) we obtain 



(6.25) ||V:.,,Q|| 1 < Jo- 

X 

UL 
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The estimate of ||Va;^^/9|| _i by the right hand side of (6.24) is straightforward. Now, 

so-- - 

for j = 1,2 since X^^ ^ (J) is an algebra contained in J) we have 

so using Corollary 4.13 with a = sq — ^ and the estimates on p we obtain 
(6-26) ||V.|A,$ni . < -^3(||(r/, V)ll 

The same kind of arguments show that 

(6-27) 115^1^.^11^-^,. ^-^3(||r/,V'll 

Using (6.25), (6.26), and (6.27) we obtain the claim (6.24). 

Now we estimate the source term F = —ct^i j=i in equation (6.22). Since 

s — I > ^ we can write 

2 



< C\\a\\ , 1 y ||AiA,-$|, 



Il2 

1 



s 

ul' 



Since (Af + A2)<^* = an Ai, A2 commute, we have for j = 1,2 

(A2 + a2)A,$ = 0, (Ai$,A25)U=o = (i?,V^) Gi^^; X H 
Since we have (see (6.17)) 

l|A.5||,-,,„<^« 
we can apply Theorem 4.12 with a = s — 1 and conclude that 

||V.,.A,5||^^^^^^,_i^^^ < -Fo • (1 + M^.,^ + \\BUs^ + \\V\\h:,). 

ul 

Since Ai = ^9^, A2 = V^; — ^^dz, using (3.3), the estimates on p, the above inequality 
for s = So and for s we obtain 

(6.28) l|A.A,$ll,,(,^^.-i(^,)^^ < -7^0 • (1 + + \\BU:^ + j. 
It follows easily that 

(6.29) < -^0 • (1 + M ,i + + 

uZ ' uZ 

Using (6.22), (6.24), (6.29), Theorem 4.12 and the fact that xl~^zo,0) C L'^{{zo, 0), H')ui 
we obtain, using (6.17) 

(6.30) \\'^.,zP\\LHizo,o),Hsu < -^0 • (1 + ||r/||^.+ i + Pk:, + llV^k^j. 

ul 
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We claim that 

ll^'^IL^((.o,o),H=-i)„. < -^0 • (1 + + \\B\\hs^ + WVWhsJ. 

ul 

Indeed this follows from (6.22), (6.28), (3.3), (3.4), (6.30). Noticing that a = ■^^d^P\^=Q 
and applying Lemma 3.12 we obtain the conclusion of Proposition 6.3. □ 

6.3. Paralinearization of the system. As in [3] for s > 1 + ^ we set 
(6.31) 

and we recall that we have set (see the statement of Theorem 4.11) 



(6.32) A(i, X, e) := ^(1 + | V,.r?(t, x)|2)|^|2 _ (y,rj{t, x) ■ 0'- 

Proposition 6.4. Let sq > 1 + f • For all s > sq there exists T : R+ R+ non 
decreasing such that 

(6.33) idt + TvV,)Us+TaCs = fi, 

(6.34) idt + TvV,))Cs-TxUs = f2, 

where for each time t G [0, T] 



ii(/iw,/2(t))ii <m{ri{t),m,v{t),Bm\.,^ 

/ n o cr \ ul ul ul ul ul 

(6.35) 

x{l + ||r?(t)||^.+ i +||S(t)k^, + |ini)llH:,}. 

ul 



Proof. We follow the proof of Proposition 4.9 in [3]. First of all we shall say that a 
positive quantity A{t) is controlled if it is bounded by the right hand side of (6.35). Here 
t will be fixed so we will skip it, taking care that the estimates are uniform with respect 
to t G [0,r]. We also set 

Co = dt + Tv -V^. 
6.3.1. Paralinearization of the first equation. We begin by proving that 

(6.36) CqV + TaC + T^^CqB = hi 

where is controlled. 

" " ul 

Indeed using (6.2), (6.3) and the fact that T(^g = we see that hi = {Ty — V) ■ 
VxV — R{a, C). By Proposition 3.18 with 7 = s, r = s, ^ = sq — 1 we see that || (Ty — V) ■ 
VxV^||_f/=j < ^ll^ll-H'^JI^II//''o . On the other hand since sq > 1 + ^, Proposition 3.17 with 



a = s — ■^,f3 = so — ^ shows that 

These estimates together with Proposition 6.3 prove that hi is controlled. 
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6.3.2. Higher order energy estimates. Now we apply the operator {DxY = {I ~ ^x)^ 
to the equation (6.36) and we commute. We claim that we obtain 

(6.37) CoiD^rV + TaiD^rC + T^C^{DxYB = h2 

where ||/i2(i)||L2^(j^d) is controlled. Indeed this is a consequence of the following estimates 

UL UL ul 

\\[Ta,{DxY]\\ ^ 1 < Cllall 1 ^ < C'\\a\\ _ i, 

ul ul ul 

mAD.m i <c\\c\\^i^^<c'\\c\\ 

which follow from Theorem 3.16. Now Lemma 3.20 shows that 

\\[T^, Corner B\\l2^ < C(||C||L-||^||tyi+.,oo + ||£oCI|L-)||i?k:,. 

Since sq > 1 + ^ one can find e > such that H^i^(R^) is continuously embedded in 
^i+e,oo(j^d)^ Therefore we obtain 

||[rc,/:o](i).ri?IL^,<-F(||(,,s,y)||^,„,.^^^_^^^j||i?||^., 

ul ul ul 

which shows that ||[T(',£o](-Ca))^-S||r2 is controlled. Using (6.37) and (6.31) we ob- 

ul 

tain (6.33). 

6.3.3. Paralinearization of the second equation. 

(6.38) (dt + V- V)C = G{r])V + CG{v)B + R. 

We first replace V by Ty modulo a controlled term. To do this we use Proposition 3.18 
with 7 = s— ^,r = s, /i = So— I and we obtain 



(6.39) \\{V-Tv)VC\\s-^<\\V\\hJv 



7=0 + 7 



Next we paralinearize the Dirichlet-Neumann part. To achieve this paralinearization we 
use the analysis performed in Section 2. Using Theorem 4.11 with t = s — ^ we can write 

(6.40) Gir])V + CGir])B = TxU + n 

where 

U = V + T^B 

^^■^^^ n = [T^,T^]B + R{r,)V + CR{v)B + (C - T^)TxB. 

and 



\\R{v)V\\..i+\mv)B\\ i 



ul ul UL ul 

Using again Proposition 3.18 with 7 = s— ^,r = s— |,/i = so — 1 and Theorem 3.16 (i) 
we can write 

||(C-rc)rAi?|| 1 <C||r?|| .MonA)||i?||^=o <-F(||7?|| i)||i?||^^^ 

ul ul ul 
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which shows that this term is controlled. Eventually, by Theorem 3.16 (u), the term 
II [r^, rA]-B|| is also controlled. Therefore we have the equality (6.40) with ||7^|| 

controlled. It follows from (6.38), (6.39) and (6.40) that 

CoC = TxU + n 

where ||7^|| j_i controlled. As in the second step by commuting the equation (6.39) with 
{Dx)'^ we obtain equation (6.34). This completes the proof of Proposition 6.4. □ 

6.4. Symmetrization of the equations. As in [3] before proving an estimate 
for our system we begin by performing a symmetrization of the non diagonal part. Recall 
that Co = dt + Tv V. 

Proposition 6.5. Introduce the symbols 

I a 



= VaX, q ^, 

where a is the Taylor coefficient and A is recalled in (6.32). Set Og = TqQ o,nd Cq 
dt + TyV. Then 

(6.42) CoUs + T^Os = Fi 

(6.43) Co9s - T^Us = F2 

where Fi,F2 satisfy, with = L2^(R'^), i/^^ = H^ii'R'^), 



\\iF,it),F2m\L^>cL^<H\Mt),Bit),Vit))l 



ul ul uL 

•(l + ||r?(t)|| 1 +||S(t)kj^, + ||y(OI|H=,), 

ul 

for some non decreasing function T : R"^ — t- and all t € [0,T]. 
Proof. We follow [3]. From (6.33) and (6.34) we have 
i^i := /i + (T^T, - r,)Cs 
F2 := Tj2 + (TgTx - T^)Us - [T„ £o]C«- 
Then the Proposition follows from Lemma 3.20 and from the symbolic calculus. □ 
We can now state our estimate. Let us set with H^^ = H'^i{'R!^) 
fM,(0) = ||(r?(0),V(0),i?(0),F(0))|| 1 1 , 

UL ul UL Ul 

Ms{T)= sup \Mt),m,B{t),V{tm 1 1 . 

tG[0,T] Hul'>'Hul'<Hil><H"ul 

Proposition 6.6. There exists T : R^ — t- R'^ non decreasing such that 
(i) \\Us{t)\\L2+\\esmL2<F{Ms,{t))Ms{t), tGl=:[0,T], 

ul ul 

(.ii) ||c/s||l-(/,l2)„, + ||^«||l-(/,l2)„, < HtMs,{t))[Ms{o) + VtMs{t)]. 
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Proof, (i) This follows easily from the definition of Us and Og given in (6.31) and in 
Proposition 6.5. 

(a) Let Xk be as in (2.3). Then we have 



(6.44) 



Mxk9s) - T^iXkUs) = G2 



where Gi , G2 are given by 

Gi = XkFi + V ■ (Vxk)Us + [T^,Xk]Os 
G2 = XkF2 + V ■ {Vxk)9s - XkPs. 

We claim that for all t G [0, T] we have 

(6.45) \\{Gi{t),G2m\L^>cL-<H\Mt),m,vm\s,+i J 

uL ul uL 



i + \m\\.^i + \\B{t)\\Hi, + \\v{t)\\Hi). 



According to Proposition 6.5 this is true for the terms coming from XkFj,j = 1,2. Now 
according to (6.31) we have (for fixed t which is skipped) 

\\y ■{"^xkpsh^ < 

<ni<0(||l-||H:,(R.) + ||V^||^,^,l||S||^.,) 

ul 

<mV,V)\\^.,,.^^J{l + \\B\\H:^ + \\V\\H:,). 

ul ul 

The same estimate holds for \\V ■ (Vxa,-)^s||l2- Eventually we have 

\\[T,,xk]Os\\L^ < H\\iv,B,v)\\^^^_.^^^^^^J . (1 + M^^,. + + 

ul ul ul ul 

This proves our claim. 

Now we compute the quantity 

(!) = j^{\\xkUsmh + \\xkesmh}- 

Using the equations (6.42), (6.43), the point (i), the fact that 

\\{Ty^t ■ V)* + Tyf^t) ■ V||i2^i2 < CMs,{t) 
ll^7(t) - (^7(i))*llL2^L2 < CMso(t) 

and (6.45) we obtain easily (ii). □ 

6.5. Back to the original unknovi^ns. Recall that 

Us = {D,rV + T^r,{D^rB, 
es = T ra{D,YVv- 



From the estimate in Proposition 6.6 we would like to recover estimates of the original 
unknowns tp,r],V,B. We follow closely [3]. The result is as follows. 
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Proposition 6.7. Let sq > 1 + f • For all s > sq one can find T : R+ R+ non 
decreasing such that 

Ms{T) < T{Ms,{0) +TMs,{T)){Ms{0) +TMs{T)}. 
The Proposition will be implied by the following Lemmas. 

Lemma 6.8. There exists T : — > R''" non decreasing such that with I = [0, T] and 
H'^i = Hl,{W') we have 

< T{MsM + ^Ms,{T)){MM + VtMs{T)}. 

Proof. Set £i = dt + V ■ V. According to Proposition 6.2 we have CiB = a — 
g, CiV = —aVrj and from the definition of V,B and the equations we have Cirj = B. 
Then the lemma follows from Lemma 3.19 with ji = s,n = s— and Proposition 6.3. □ 

Lemma 6.9. Let sq > 1 + f • For s > sq one can find T : R^ — )• R^ non decreasing 



such that, with H", = iJ'^,(R'^), we have 



2 • 

ul — -'-'uA-f^ ) 

(ii) \\{V,B)\\l^^j^hsu < Wo(0) + VTMs,{T)){Am + ^/^M,(^)}, 
(m) < TiMsM+^Ms,iT)){Ms{0) + VfMs{T)}. 

Proof, (i) By Lemma 6.8 it is sufficient to bound A = 11 Vt?!! . Recall that 

q = y^, = ^qCs, and Cs = [0)^X77]. By Theorem 3.16 (ii) we can write Cs = TiTgCs+RCs 
where ||i?|| „, i < C(||o|| , i + Wrill ^ , i ). Then we 

have 



Using Theorem 3.16, (i), the above estimate on the norm of R with fx = —1, Lemma 6.8 
and Proposition 6.3 we deduce that 

A < HMsoiO) + VtMs,{T)){\\9s\\l^^,l^)^, + \\rj\\L^^i^Hs)J- 

Then the conclusion follows from Proposition 6.6 and Lemma 6.8. 

(ii) Recall that U = V + T(^B. The commutator [(Z))®,T^] is of order s— ^ which norm 
from L°°(/,L2)„; to L°°(/,L2)„; is bounded by Cllr/ 3 thus by C"||r7|| , ^,1 . 

Therefore we deduce from Proposition 6.6 and Lemma 6.8 that 

(6.46) ||C/||loo(,,^.)^, < HMsoiO) + VTMs,iT)){MM + VfMsiT)). 

Now by Lemma 6.1 we have 

div U = dwV + Tdiv + 7c • = -G{'n)B + Ti(;.^+ div + 7 

= -TxB + R{ri)B + r,^.g+ div (^B + ^ = TeB + T^^ i^B + -f 

45 



where e = —A + iC ' Writing B = TiT^B + (I — TiT(,)B we obtain 

e e 

B = Tid\Y U -Ti^ + SB. 

e e 

Then using (6.46), Lemma 6.1 we obtain the desired estimate on B and since V = U — T(^B 
the estimate on V follows as well. 

(iii) We have V^p = V + BVrj. Since the L'^^I, H''~^)ui norm of {\/7],V,B) has 
been already estimated, it remains to bound H'i/'ll^.oo^/ £,2-)^^ . Now from (2.1) and (2.2) by 
a simple computation we see that 

{dt + V-V)tP = -gV + l\V\^ + lB\ 

Then the conclusion follows from Lemma 3.19 with /u = s and (ii). □ 

7. Contraction 

In this section we shall prove estimates on the difference of two solutions of the system 
described in (6.2), (6.3), (6.4) which will prove the uniqueness and also enter in the proof 
by contraction of the existence. Let {rjj,ijjj, Vj,Bj),j = 1, 2 be two solutions of the system 

' {dt + Vj • V^)Bj = aj - g, 
(7.1) I {dt + Vj ■ V^)Vj + ajCj = 0, 

^ {dt + Vj ■ V,)0 = G{vj)Vj + CjG{iij)B, + Rj, 
on [0,To] such that with H^i = i?^;(R'^) we have 

M, = sup \\{7],{t),i;j{t),Vj{t),Bj{t))\\ 1 1 „ <+oo. 

tt[U,-iQJ ul ul ul ul 

We also assume the Taylor sign condition satisfied that is that there exist Cj > for 
J = 1, 2 such that aj{t, x) > Cj for all t G [0, Tq]. We set 

'q = rji-r]2, tp = tpi - tp2, V = Vi - V2, B = Bi - B2, 
N{T)= sup \\{v{t),m,V{t),B{t))\\ 1 

tG[0,T] f^ul^^H^l^^Kl xKl 



Theorem 7.1. Let {rjj^ipj), j = 1,2, be two solutions of (2.1) such that 

1 



{r,^,i:^,V,,B,) G CO([0,To],<p X ff^^ x H^i x Hi 



for some fixed Tq > 0, d > 1 and s > 1 + |. We also assume that the condition (4.2) holds 
for < t < Tq and that there exists a positive constant c such that for all < t <Tq and 
for all x G R'^, we have aj{t, x) > c for j = 1,2, t G [0, T]. Set 

Mj:= sup \\{r]j,^j,Vj,Bj){t)\\ 1 1 , 
ie[o,T] ^ui^^^ui^^Ki^^Ki 

T] := r]i - r]2, ip = ipi - '4>2, V := Vi - V2, B = Bi - B2. 

Then we have 

(7.2) ll('l,*.l',B)lli„,(„,r,_„.-4,„.-4,„._,,„._,,_, 



jS—1.. TjS — 1 
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Let us recall that 



' {dt + Vj ■ V)Bj = a, - g, 
(7.3) I {dt + V-i ■ V)Vj + ajCj = 0, 

^ (dt + Vj ■ V)0 = G{7],)Vj + CjGi7jj)B, + 7,-, = Vr?,- 
where 'jj is the remainder term given by (6.4). Let 




for some non-decreasing function /C depending only on s and d. Then, by choosing T small 
enough, this implies N(T) < 2/C(Mi, M2)A^(0) for Ti smaller than the minimum of Tq 
and l/2/C(Mi, M2), and iterating the estimate between [Ti,2Ti],. . . , [T — Ti,Ti] implies 
Theorem 7.1. 

Remark 7.2. Notice that we prove a Lipschitz property in weak norms. This is a 
general fact related to the fact that the flow map of a quasi-linear equation is not expected 
to be Lipschitz in the highest norms (this means that one does not expect to control the 



The proof of Theorem 7.1 follows the same lines as the proof of the similar result [3, 
Theorem 5.1]. II follows 4 steps: first we prove a Lipschitz estimate for the Dirichlet- 
Neumann operator. Then we paralinearize the system satisfied by (77, ip, V, B), symmetrize 
this system, estimate the good unknowns of the symmetrized system and finally estimate 
{r],^lJ,V, B). The Lipschitz estimate of the Dirichlet-Neumann operator is the crucial 
one and we shall give some details. Having established the paradifferential calculus in 
uniformly local spaces, the other steps are identical mutatis mutandi as in [3] and we shall 
skip the proofs. 

7.1. Contraction for the Dirichlet-Neumann operator. In this section the time 
being fixed we will skip it. 

Lemma 7.3. Assume s > 1 + f ■ Then there exists J- : — t- non decreasing such 

that for all r/i,r/2 G ^'^^ '^'^^ f ^ ^ul '"^^ have 



(7.5) \\{G{rj,)-G{m))f\\ .-3 < J-(||(r?i,ry2,/)|| .+ 1 .+ 1 )||r?i-r?2|| 
whereH-i = H-i{W'). 



Proof. We follow closely [3]. As in (4.15), (4.23) we introduce pj, uj, aj, Pj, 7j for 
j = 1, 2. Then if Uj\z=o = / we have 



difference {r],^P,V,B) in L°°{[0,To], H'+2 x H' 



2 xH'x H%i). 



(7.6) 




1 + \^xPj 

dzpj 



We set u = Ul — U2- Then 



(52 + aiA, + /3i • V^d, - jid,)u := F 
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where 

F = {{a2- ai)A^ + - A) • V^S, - (72 - li)dz]u2. 

Since s > 1 + ^, Lemma 3.5 with sq = s — 2,si = s — 2,S2 = s — l,p = 2 gives (with 
J=(zo,0) and = //^.(R'^)) 

\\F\\l^{j,h-^U <^{||a2 - ai||L2(j,j/»-i)„J|A52||Loc(j,j/==-2)„, 
+ 11/52 - /3i||L2(j^j^s-i)^J|Vc)2n2||Loo(j^^s-2)^j 

+ II72 -7l||L2(J,/^^-2)„J|9^S2||L-{J,/^=-l)„J■ 
Using (4.23) and Lemma 3.5 we can find a non decreasing function T : — )• R^ such 
that 



|a2 - "1 II L2(j^/^s-i)^; + 11/32 - /3i||l2(j^j^s-i)^j + II72 - 7i||l2(j,h=-2 



ul 



< -7^(11 (m, ^2) II .+ 1 s+i)\\m -m\ 



1 . 



H : ^y.H , ^ H 

ul ul u 



On the other hand by Theorem 4.12 with a = s — 1 we have 

||V^,^52||l-((^o,0),J/-i)„, < -^(ll??2||^.+ i)||/|k^,. 

ul 

Combining these estimates we obtain eventually 

l|i^llL2(j,/f-2)„, < J-(||(r?i,r?2,/)|| 1 1 ). 

Since u vanishes at z = Theorem 4.12 with o" = s — | gives 

Using (7.6) and Proposition 3.3 (i) we obtain (7.5). □ 
7.2. Paralinearization of the equations. Notice that it is enough to estimate 

3 

r],B,V. Indeed, since Vj = 'Vtpj — Bj'Vi]j, one can estimate the {[0,T], ^^^i-norm 
of V?/' from the identity 

\/iP = V + BVrii + -B2Vr?. 
Lemma 7.4 ([3, Lemma 5.6]). The differences C, -B, V satisfy a system of the form 



(7.7) 



{dt + Vi-V){V + CiB) + a2C = fi, 

(dt + V2 ■ V)C - G(r?i)y - CiG{vi)B = /2, 



for some remainders such that 



ll(/i,/2)ll ,r , , . 3, < JC(Mi,M2)N(T). 
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7.3. Estimates for the good unknown. In this section we introduce the good- 
unknown of Ahnhac in [5, 1, 6, 7] and symmetrize the system. Let I = [0,T]. 

Lemma 7.5 ([3, Lemma 5.7]). Set 



Then 

(7.8) {dt + Tv,-V)^ + m = gi, 

(7.9) {dt + Tv,-V)^-T,^ = g2, 
where 

Once this symmetrization has been performed, simple energy estimates allow to prove 
Lemma 7.6 ([3, Lemma 5.8]). Let 

N'{T) :=sup{||^?(t)||^,_3 +||^(i)||^,_3}. 

We have 

(7.10) N\T) < lC{Mi,M2){N{0) + TN{T)). 

7.4. Back to the original unknowns. From the estimates in Lemma 7.6, it is fairly 
easy to recover estimates for rj. 

Lemma 7.7 ([3, Lemma 5.9]). 

(7.11) Mlooh.h^-^u - ^(^1' ^2){iV(0) + TN{T)}. 
We now estimate (V,B). 

Proposition 7.8 ([3, Proposition 5.10]). 

(7.12) ||(y,i?)||^o.(,,^s^i^^.-i)^, </c(Mi,M2){iv(o) + riv(r)}. 

The proof will require several preliminary lemmas. We begin by noticing that it is 
enough to estimate B. Indeed, if 

< /c(Mi,M2){iv(o) + riv(r)}. 

then, the estimate of ip in (7.10) above allows to recover an estimate for V + CiB (by 
applying T^^-i), which in turn implies the estimate for V. 

Let V = (pi — (p2, where (pj is the harmonic extension in of the function ijjj and set 

, dz(p2 rj. 

dzP2 

We have 

(7.13) w\z=o = ip -TB2'n- 
We first state the following result. 
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Lemma 7.9 ([3, Lemma 5.11]). We have 
(7.14) - TB,r,\\Looii,Hsu < IC{Mi,M2){N{0) + TN{T)} 

We next relate w, p and B. 
Lemma 7.10 ([3, Lemma 5.12]). We have 



B 



1 



dzPi 



dzw - (62 - Tb^)dzP + Tg^biP 



z=0 



Lemma 7.11 ([3, Lemma 5.13]). Recall that 62 := 



dzP2 



. For k = 0,1,2, we have 



9% 1 , <C\ 

CO(hl,0],L°°(/,H^-2-'=)„,) 
for some constant C depending only on \\ri2 



uL 



Notice that rj and hence p are estimated in L°°{I; 2 ) (see (7.11)). To complete the 
proof of the Proposition 7.8, it remains only to estimate dzw\z=a in L^{I,H^^). 

Lemma 7.12 ([3, Lemma 5.14]). Fort G [0,r] we have 

(7.15) l|V,,,u;||co([_i,o],H-i)„, < /C(Mi,M2){iV(0) + riV(r)}. 

8. Proof of the well posedness 

The proof goes as follows. In a first step we prove the main theorem for very smooth 
data, using a parabolic regularization. Then, when the data are rough, we regularize 
them, thus obtaining a sequence of solutions living on an interval depending on a small 
parameter e. In a second step, using the tame estimates proved in Proposition 6.7, we 
show that this sequence exists on a fixed interval. In the last step, using the results stated 
in section 7, we prove that it is a Cauchy sequence and we conclude. Let us notice that 
most of this work has been already done in [3] in the case of the classical Sobolev spaces. 
Therefore we will only sketch here the main points. 



8.1. Parabolic regularization. We assume first that (t/cV'o) £ -^^,1; for s > 

d 
2' 

' dtrj = G{7])ij + sA^T], 



no + C no large enough, and we consider for e > the problem 



?.l) 



,12 , 1 (V.r? • V.^ + G(7?)^)^ ^ . , 
- V^w H — - — on + eA^ip 



dttp -- 

^ ir],i))\t=o = (%,V'o)- 



Setting [/ = (ry, ■0) we can rewrite this problem as 

ft 

i.2) U{t) 



e(t-r)A^ 



[Ami 



dr. 



We set / = [0, T] and we introduce the space 

Es = L^{I,H%inL\l,H'+'] 



Jul 
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According to Lemma 3.10 we have ||e^*^-C/o|b, < CsWUqWh^ := R. Then using the 
estimates 

. ^ \\AU)\\L^iI,H^U <T{\\U\\lo.^I,H-)J\\U\\l2(^I^Hs+1)^^ 

^ ■ ^ \\A{Ui)-A{U2)\\l^i,hsU < H\m,U2)\\Lo^iI,HsxHsu)\\Ui - U^h^j^H^+i)^, 

we can show that, if T = Tg is small enough, the right hand side of (8.2) maps the ball of 
radius 2R in Eg into itself and is contracting. By the Banach principle the equation (8.2) 
has a maximal solution on [0,T*). Moreover if Tg < +oo then 

(8.4) ^hm ||(r/,V')(t)lk:,xH^, = +oo. 

Now with this large s we set 

MI{T)= sup M,^P',V',B'){t)\\^s s ^^^s ^. 

Using the same computations as in [3] and the method of proof of Proposition 6.7 (but 
in an easier way since here s is large) we deduce that one can find J- : — > R'^ strictly 
increasing such that 

m!{t)<t{m!{o) + Vtmi{t)). 

Since M^{0) = Ms{0) does not depend on e, this will imply that there exists Tq > 
independent of e such that M^{T) < T{2Ms{0)) for T £ [0, Tq]. Using this uniform bound 
on this fixed interval and the arguments of [3] we can pass to the limit in the equations 8.1 
to obtain a solution (77, tp) of the water wave system. 

8.2. Regularizing the data, a priori estimates. . Assume that (?70) ^Oi ^O) ^0) 

belong to hX^' X x if^" x H'^j where sq > 1 + f- Let j G C^{K'^),j{0 = 1 

when |,^| < 1. We regularize the data in setting /q = j{eD)fQ if /o is one of them. Then 
the regularized data belong to H^^ for s large. Therefore we can apply Step 1. to get a 
maximal solution (t]^, 14, i?e) of the water wave system, on an interval [0,T*), wich is 
very regular. Moreover we know that if T* < +00 then 

(8.5) lim^ M|(r) = +00. 

We first apply Proposition 6.7 with s = sq and we obtain 

Ml^iT) < T{MI^{0) + VtMI^{T)). 

Since there exists Aq > 0, independent of e, such that M|j(0) < Aq, for all e > small, 
we deduce that one can find Tq > independent of e such that Mg^(T) < T{2Aq) for all 
T < min(To,T*). We apply again Proposition 6.7 with s large and we get 

MKT) < T{Ao + ^/ToJ^{2Ao)){MI{0) + VtMI{T)). 

Let Ti > be such that ^/J\J=^{Ao + ^/%J='{2Ao)) < \. Then 

(T) < 2F{Aq + 7li;j-(2Ao))M|(0),VO < T < min(Ti,r;). 

Using (8.5) we deduce that T* > Ti for all e > small. This shows that our solu- 
tion {i]!r,ijj^,Ve, B^) exists on a fixed interval [0,Ti]. Moreover, as seen above, M^^{T) is 
uniformly bounded on this interval. 
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8.3. Passing to the limit. According to Theorem 7.1, the sequence {r]^,tpi,,Ve,Bf, 
which is, according to Section 8.2, bounded in 

is convergent in 

L-((o,r);if:r^ X x ^/^r^ x i^^j-i), 

and hence also for any > in 

-5 ^, ztso-&\ 



To get the existence of solutions, it remains to pass to the limit in the equations (the 
uniqueness follows once again from Theorem 7.1). For this step, we rewrite the sys- 
tem (2.1), (2.2) as 



(8.6) 



1 



Br 



9Ve- 



1 + |V^7?£ 



Choosing 6 > such that s — 5 — ^ > ^ (so that H^~^~2 is an algebra), we deduce that 



(8.7) 



dtVs - 


- dtv in V'{{0,T) X R"^) 


dtA - 


-^t^ in V'{{0,T) xR'^) 




^y-VV^ in L-((o,r);<7'"^ 


v! + Bl- 


^V^ + B^ in L°°{{0,Ty,H'j^) 


Vcctle ■ V^Tpe - 


^V,.r?-V,V inL°°((0,r);F;~ 




^iV.r^pin L-((0,T);F:7'^^: 



) C L~((0,T);L: 

; ^ L°°((o,r);C°n. 

On the other hand, according to Lemma 7.3, we get 

Gille)^Pe - G{ii)i, = G{r^e){i'e " ^) + (G(%) - G(r?))^ ^ 0, 



m 



L-((0,r);<7^-V^°^((0,T);L2,), 



which allows to pass to he limit in (8.6) and show that the same system of equations is 
satisfied by (77,-0,^,5) in P'((0,r) x R^). 
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8.4. Continuity in time. We now prove that (rj, tp, V, B) is continuous in time witii 

values in H'^°i^^ ^ x H^^i^"^ ^ x H^j^^ x H^j^^ . From tire equation, and product rules, its 
time derivative is clearly in 

L-((o,T);<r^ X X >< Hz~h 

and consequently (interpolating with the a priori estimate), for any > 0, 
(8.8) (r/,V,V^,i3) G CO((0,r);<f x i^^f x H^^-' x H^'). 

9. Appendix 

Let a E]0,+oo[,,a / 1 and S{t) = e-^*!-^-!". Our aim is to prove the following result. 

Proposition 9.1. Let s, o" G R. Assume that there exists to 7^ such that S{to) is 
continuous from C;(R'^) to C^iR!^). Then s<a-^. 

Proof. Without loss of generality we can assume that t^ = —1. Our hypothesis reads 

(9.1) 3C> : ||5(-l)n|bs(R.) < C||7x||c.(r.), Vtx G C,^(R'^). 

Now if ti G L°°(R'^) we set A^(0 = V3(2-J^)2(^), where G C^(R'^), with suppv? C : 
^ < ICI < 2}. Then for fixed j G N we have A^n G C^(R'^) and 

ll^i'"llc.^(Rrf) ^ C'2-''^||Aj-u||^^(j^d) < C''2-''^||-u||^^(Rd). 

This follows from the fact that || AjuHf^CTj-j^d) = sup^jg^ '^^^\\^k^ju\\lao^^^d^ and A^Aj = 
if \j — k\ > 2. Since Aj commutes with S'(— 1), we see that 

2^-«||S(-l)A,A,^.||^^(Kd) < ||S(-l)A,7.||^.(i^d). 

It follows from (9.1) applied to Ajit with u G -L°°(R'^) that one can find a positive constant 
C such that 

(9.2) 2J'"||S(-l)AjAj'u||i^(Rd) < C2J'''||n||ioo(Rd) Vu G L°°(R''), Vj G N. 
Let us set T = S'(-l)Aj' Aj. Then 

Tu{x) = {2tt)-'^ j I e^^^''-y>'^+\^\''^^'^{2-^i)u{y)dydi. 

We shall set h = and take j large enough. Then setting 77 = /i^ we obtain 

Tu{x) = Kh{x- y)u{y) dy 

where 

Kh{z) = {27Th)-'' [ et(^-^''+'^""l^''l* V'(r/) dTj. 

We shall use the following well known lemma. 

Lemma 9.2. Let K G C°(R'^ x R'^) he such that sup^.gR<i / \K{x,y)\ dy < +00. Then 
the operator T defined by Tu{x) = J K{x, y)u{y) dy is continuous from L°°(R'^) to L°°(R'^) 
and ||r||i,cx.^i<x, = supa-gR^d / \K{x,y)\ dy. 
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It follows from this lemma that in our case we have 



\Kh{z)\dz. 



\\T\\l°°^l°^ 

Setting z = h}~'^s and Kh{s) = Kh{h}~'^s) we find that 

(9.3) ||T||i;,00^£,CX 

with 



(9.4) 



Kh{s) = {2TThy 



Recah that suppv? C {rj : ^ < \r]\ < 2}. We have |^ = s + 



Case 1: Isl < 



1 a 



a. 



2 2li-"l ■ 



Here, on the support of if, we have 



dr] 



> 



a 



\l-a 



S > 



1 a 



2 2li-"l 



Therefore integrating by parts in the right hand side of (9.4) using the vector field L 

(9.5) \Kh{s)\ < CNh^, ViV G N. 

Case 2: |s| > 2^"'"l"~^la. On the support of (f we have 



> s 



|l-o 



> 2l"-^la. 



Then using the same vector field as in the first case and noticing that is independent 
of s when \a\ > 2 we obtain 

(9.6) \Kh{s)\ < CN\s\-^h^, \fN e N. 

Case 3: ^ 2li"-" — I'^l — 2"'^'^'"""'^' a. Here the function (j) has a critical point given by 

1 Isl 2— Q 

= — ^. It follows that I = which implies that r]c = Cas\s\ Moreover we 



have 



dr]jdr]k 



a\rj\°' "^nijk mjk = 6jk - (a - 2)ujjUJk, w 



Since det{mjk) = cq / we obtain 



det 



I (c-2)d 

= Cq d\s\ . The station- 



nary phase formula implies that there exists > such that 



(9.7) 



Using (9.3), (9.5), (9.6), (9.7) we can conclude that 
Recalling that h = we obtain 

||r||Loc^ioc > C2J'f'. 
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Thus for any e > one can find uq G L°°(R'^), non identically zero, such that 

ll^^^o||L°°(Rd) > {C2^^ - e)lkollL-'(Rd)- 

Taking e small and using (9.2) with uq we obtain 

for all j > Jo large enough which proves the Proposition. □ 
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